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,QWURGXFWLRQ

,Q WKLV SDSHU� ZH VWXG\ D VLWXDWLRQ LQ ZKLFK DQ HFRQRPLF DJHQW FDQ OHDUQ E\ H[SHULPHQ�
WDWLRQ� WKDW LV� E\ GHYLDWLQJ IURP WKH DFWLRQ ZKLFK PD[LPLVHV FXUUHQW SD\�Rm LQ RUGHU
WR JHQHUDWH LQIRUPDWLRQ ZKLFK ZLOO LQFUHDVH IXWXUH SD\�RmV� 6SHFLnFDOO\� WKH DJHQW LV
IDFLQJ DQ XQNQRZQ DQG FKDQJLQJ UHZDUG IXQFWLRQ� $IWHU WDNLQJ DQ DFWLRQ� KH REVHUYHV
D QRLV\ VLJQDO RI WKH FXUUHQW VWDWH� OHDGLQJ WR D UHYLVLRQ RI KLV EHOLHIV� 7KH DJHQW
V RE�
MHFWLYH LV WR PD[LPLVH WKH H[SHFWHG GLVFRXQWHG SD\�Rm RYHU DQ LQnQLWH KRUL]RQ� :KHQ
FKRRVLQJ DQ DFWLRQ� KH WKHUHIRUH KDV WR ZHLJK WKH RSSRUWXQLW\ FRVW RI H[SHULPHQWDWLRQ
DJDLQVW LWV ORQJ�WHUP LQIRUPDWLRQDO EHQHnWV�
:H DUH LQWHUHVWHG LQ D QXPEHU RI LVVXHV� +RZ GRHV WKH DJHQW
V RSWLPDO DFWLRQ GLmHU

IURP ZKDW LV P\RSLFDOO\ RSWLPDO" ,V WKLV GLmHUHQFH ODUJH RU VPDOO �LQ D VHQVH WR EH
PDGH SUHFLVH�" +RZ ZHOO RU SRRUO\ GRHV WKH DJHQW WUDFN WKH SUHYDLOLQJ VWDWH" ,V WKHUH
DQ DQDORJXH WR WKH CLQFRPSOHWH OHDUQLQJ
 UHVXOWV ZKLFK DUH FRPPRQ LQ WKH OLWHUDWXUH RQ
H[SHULPHQWDWLRQ LQ DQ XQFKDQJLQJ HQYLURQPHQW� PHQWLRQHG EHORZ"
2XU PDLQ UHVXOW LV WKH LGHQWLnFDWLRQ RI WZR TXDOLWDWLYHO\ YHU\ GLmHUHQW UHJLPHV� 2QH

UHJLPH LV FKDUDFWHULVHG E\ ODUJH GHYLDWLRQV IURP P\RSLF EHKDYLRU DQG E\ JRRG WUDFN�
LQJ RI WKH SUHYDLOLQJ GHPDQG FXUYH� WKH RWKHU E\ VPDOO GHYLDWLRQV DQG SRRU WUDFNLQJ�
0RUHRYHU� LQ WKH ODWWHU UHJLPH WKH DJHQW HYHQWXDOO\ EHFRPHV CWUDSSHG
 LQ D VXEVHW RI
WKH DFWLRQ VSDFH DQG LV ERXQGHG DZD\ IURP WKH P\RSLF RSWLPXP IRU RQH RI WKH VWDWHV�

7ZR DSSURDFKHV WR WKH SUREOHP RI OHDUQLQJ E\ H[SHULPHQWDWLRQ LQ D VLQJOH�DJHQW VHWWLQJ
KDYH HPHUJHG LQ WKH OLWHUDWXUH� 2QH DSSURDFK LV WR UHVWULFW WKH DQDO\VLV WR D WZR�SHULRG
IUDPHZRUN� DQG WKHQ WR GHWHUPLQH LQ ZKLFK ZD\ WKH DELOLW\ WR JDWKHU LQIRUPDWLRQ LQ WKH
nUVW SHULRG �ZKLFK ZLOO EH XVHIXO LQ WKH VHFRQG SHULRG� DmHFWV WKH DJHQW
V EHKDYLRXU�
WKLV LV XVXDOO\ PHDVXUHG DV D GHYLDWLRQ IURP WKH DJHQW
V nUVW SHULRG P\RSLF DFWLRQ�
([DPSOHV RI WKLV DSSURDFK FDQ EH IRXQG LQ 0LUPDQ� 6DPXHOVRQ DQG 8UEDQR ������
DQG RWKHU SDSHUV UHIHUHQFHG LQ WKHLU LQWURGXFWLRQ�
7KH VHFRQG DSSURDFK LQYROYHV IRUPXODWLQJ DQ LQnQLWH�KRUL]RQ PRGHO� LQ ZKLFK FDVH

LW LV QDWXUDO WR ORRN DW WKH OLPLWLQJ EHKDYLRXU RI WKH DJHQW� 7KH nUVW VXFK PRGHO LQ WKH
HFRQRPLFV OLWHUDWXUH LV GXH WR 5RWKVFKLOG ������� DQG KDV VXEVHTXHQWO\ EHHQ H[WHQGHG LQ
D QXPEHU RI GLmHUHQW GLUHFWLRQV� VHH� IRU H[DPSOH� 0F/HQQDQ ������� (DVOH\ DQG .LHIHU
������� .LHIHU �����D�� DQG $JKLRQ� %ROWRQ� +DUULV DQG -XOOLHQ ������� $ FRPPRQ
UHVXOW RI WKHVH PRGHOV LV WKDW WKH DJHQW
V EHOLHIV FRQYHUJH� LQ ZKLFK FDVH H[SHULPHQWDWLRQ
ZLOO FHDVH DQG QR IXUWKHU LQIRUPDWLRQ ZLOO EH JDWKHUHG ^ LQ WKH OLPLW� WKH DJHQW ZLOO
OHDUQ HYHU\WKLQJ WKDW LV ZRUWK NQRZLQJ� 7KH TXHVWLRQ WKHQ DULVHV DV WR ZKHWKHU WKH
EHOLHIV FRQYHUJH WR D RQH�SRLQW GLVWULEXWLRQ DW WKH WUXH SDUDPHWHU YDOXH� 7\SLFDOO\ WKH
DQVZHU LV WKDW ZLWK SRVLWLYH SUREDELOLW\ WKH\ GR QRW� L�H� WKHUH LV LQFRPSOHWH OHDUQLQJ�
:H WDNH WKH VHFRQG DSSURDFK DV RXU VWDUWLQJ SRLQW� +RZHYHU� ZKHUHDV WKH DERYH

SDSHUV DVVXPH WKHUH WR EH DQ XQNQRZQ EXW n[HG UHZDUG IXQFWLRQ� ZH IROORZ .LHIHU
�����E� DQG %DOYHUV DQG &RVLPDQR ������ LQ DOORZLQJ WKLV UHZDUG IXQFWLRQ WR FKDQJH
UDQGRPO\� 7KLV DGGV PRUH UHDOLVP LQ WKDW QHZ GDWD FRQWLQXHV WR EH SHUWLQHQW� VR EHOLHIV
FRQWLQXH WR HYROYH� DQG WKH DJHQW LV QRW GRRPHG WR WDNH WKH VDPH DFWLRQ IRU HYHUPRUH�

7KH DJHQW LQ RXU PRGHO LV D PRQRSROLVW IDFLQJ DQ XQNQRZQ DQG FKDQJLQJ GHPDQG
IXQFWLRQ� 7KH WLPH SDUDPHWHU LV FRQWLQXRXV� 7KHUH DUH WZR VWDWHV� HDFK FKDUDFWHULVHG
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E\ D OLQHDU GHPDQG FXUYH� DQG WUDQVLWLRQV EHWZHHQ WKHVH VWDWHV DUH JRYHUQHG E\ D
0DUNRY SURFHVV� 7KH PRQRSROLVW NQRZV WKH VORSH DQG LQWHUFHSW RI HDFK GHPDQG FXUYH
DQG WKH WUDQVLWLRQ SUREDELOLWLHV RI WKH 0DUNRY SURFHVV� +RZHYHU� KH GRHV QRW NQRZ
ZKLFK GHPDQG FXUYH KH IDFHV� $W HDFK PRPHQW RI WLPH� KH FKRRVHV D TXDQWLW\ IURP
D JLYHQ LQWHUYDO RI IHDVLEOH TXDQWLWLHV� DQG REVHUYHV D SULFH ZKLFK LV WKH SULFH IRU WKH
FXUUHQW GHPDQG FXUYH SOXV QRLVH� *LYHQ WKLV QRLV\ VLJQDO RI WKH XQGHUO\LQJ GHPDQG
FXUYH� WKH PRQRSROLVW WKHQ XSGDWHV KLV EHOLHI DERXW WKH FXUUHQW VWDWH LQ D %D\HVLDQ
IDVKLRQ� :H FDOO WKH TXDQWLW\ FRUUHVSRQGLQJ WR WKH LQWHUVHFWLRQ RI WKH WZR GHPDQG
FXUYHV WKH FRQIRXQGLQJ TXDQWLW\ EHFDXVH LW OHDGV WR WKH VDPH H[SHFWHG SULFH LQ HLWKHU
VWDWH DQG WKXV WR D FRPSOHWHO\ XQLQIRUPDWLYH SULFH VLJQDO�
:H QDWXUDOO\ H[SHFW H[SHULPHQWDWLRQ WR EH LQ WKH GLUHFWLRQ RI ZLGHQLQJ VSUHDGV

EHWZHHQ WKH WZR GHPDQG FXUYHV� WKXV PDNLQJ SULFH REVHUYDWLRQV PRUH LQIRUPDWLYH� ,I
WKH FRQIRXQGLQJ TXDQWLW\ OLHV RXWVLGH WKH UDQJH RI WKH P\RSLF SROLF\ IXQFWLRQ �D FORVHG
LQWHUYDO VSDQQHG E\ WKH TXDQWLWLHV WKDW PD[LPLVH LQVWDQWDQHRXV SURnW IRU HDFK RI WKH
WZR GHPDQG FXUYHV�� WKHQ WKLV GLUHFWLRQ LV XQDPELJXRXV� 7KH PRQRSROLVW GHYLDWHV IURP
WKH P\RSLF DFWLRQ E\ PRYLQJ DZD\ IURP WKH LQWHUVHFWLRQ ^ H[SHULPHQWDWLRQ LV DOZD\V
LQ RQH GLUHFWLRQ� PHDQLQJ WKDW WKH PRQRSROLVW HLWKHU SURGXFHV DOZD\V PRUH WKDQ WKH
P\RSLF TXDQWLW\� RU DOZD\V OHVV� ([SHULPHQWDWLRQ LV PRGHUDWH LQ WKH VHQVH WKDW WKH
RSWLPDO TXDQWLW\ DOZD\V OLHV LQVLGH WKH UDQJH RI WKH P\RSLF SROLF\ IXQFWLRQ� DQG WKH
RSWLPDO SROLF\ IXQFWLRQ LV FRQWLQXRXV DQG PRQRWRQLF� 0RUHRYHU� H[SHULPHQWDWLRQ LV
TXDOLWDWLYHO\ WKH VDPH IRU DOO SDUDPHWHU YDOXHV�
2Q WKH RWKHU KDQG� LI WKH FRQIRXQGLQJ TXDQWLW\ OLHV LQVLGH WKH UDQJH RI WKH P\RSLF

SROLF\ IXQFWLRQ� WKHQ WKHUH LV D XQLTXH EHOLHI ^ WKH FRQIRXQGLQJ EHOLHI ^ DW ZKLFK D
P\RSLF DJHQW ZRXOG FKRRVH WKH FRQIRXQGLQJ TXDQWLW\� DQG WKH GLUHFWLRQ RI ZLGHQLQJ
VSUHDGV LV QR ORQJHU XQDPELJXRXV� :H VHH H[SHULPHQWDWLRQ LQ ERWK GLUHFWLRQV� IRU VRPH
EHOLHIV� WKH PRQRSROLVW SURGXFHV PRUH WKDQ WKH P\RSLF TXDQWLW\� IRU RWKHUV� OHVV� %XW
ZH DOVR nQG WKDW WKHUH DUH WZR YHU\ GLmHUHQW H[SHULPHQWDWLRQ UHJLPHV� )RU D JLYHQ OHYHO
RI QRLVH� ZKHQ WKH GLVFRXQW UDWH DQG WKH LQWHQVLW\ RI VWDWH VZLWFKLQJ DUH ERWK ORZ �LQ D
IDLUO\ SUHFLVH VHQVH� WKHQ H[SHULPHQWDWLRQ LV H[WUHPH LQ WKDW� IRU EHOLHIV LQ DQ LQWHUYDO
HQFRPSDVVLQJ WKH FRQIRXQGLQJ EHOLHI� WKH RSWLPDO DFWLRQ LV WR FKRRVH D TXDQWLW\ DW WKH
ERXQGDU\ RI WKH LQWHUYDO RI IHDVLEOH TXDQWLWLHV� DQG WKH RSWLPDO TXDQWLW\ �DV D IXQFWLRQ
RI WKH EHOLHI� H[KLELWV D MXPS IURP RQH ERXQGDU\ WR WKH RWKHU� ,Q WKLV UHJLPH� WKH WUXH
VWDWH DSSHDUV WR EH WUDFNHG IDLUO\ ZHOO�
+RZHYHU� IRU WKH VDPH OHYHO RI QRLVH� ZKHQ HLWKHU WKH GLVFRXQW UDWH RU WKH VZLWFKLQJ

LQWHQVLW\ LV KLJK �LQ D VLPLODUO\ SUHFLVH VHQVH� WKHQ H[SHULPHQWDWLRQ LV PRGHUDWH� DQG
WKH PRQRSROLVW RSWLPDOO\ FKRRVHV WKH FRQIRXQGLQJ TXDQWLW\ DW WKH FRQIRXQGLQJ EHOLHI�
,Q WKLV UHJLPH� WKH PRQRSROLVW HYHQWXDOO\ EHFRPHV WUDSSHG LQWR FKRRVLQJ TXDQWLWLHV
RQ MXVW RQH VLGH RI WKH FRQIRXQGLQJ TXDQWLW\ �WKH VLGH ZKLFK FRQWDLQV WKH P\RSLF
DFWLRQ FRUUHVSRQGLQJ WR WKH ORQJ�UXQ DYHUDJH VWDWH� DQG WKH WUXH VWDWH LV WUDFNHG UDWKHU
SRRUO\� 7KLV WUDS JHQHUDOLVHV WKH LQFRPSOHWH OHDUQLQJ UHVXOW RI WKH SUHYLRXV OLWHUDWXUH WR
D FKDQJLQJ HQYLURQPHQW� ,W KDV WKH IROORZLQJ LQWXLWLRQ� :KHQ WKH PRQRSROLVW GRHV QRW
YDOXH LQIRUPDWLRQ YHU\ KLJKO\� KH FKRRVHV WKH FRQIRXQGLQJ TXDQWLW\ DW WKH FRQIRXQGLQJ
EHOLHI� DQG WKH UHVXOWLQJ SULFH FRQWDLQV QR LQIRUPDWLRQ� +LV XSGDWLQJ LV WKHQ GULYHQ
H[FOXVLYHO\ E\ WKH SRVVLELOLW\ RI D FKDQJH LQ GHPDQG� ZKLFK SXOOV KLP LQ WKH GLUHFWLRQ
RI WKH ORQJ�UXQ DYHUDJH VWDWH� 6R� ZKLOH RQH PLJKW KDYH WKRXJKW WKDW WKH LQWURGXFWLRQ
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RI VWDWH VZLWFKLQJ ZRXOG EH HQRXJK WR PDNH WKH DJHQW DOZD\V ZDQW WR VHHN DIWHU WKH
WUXWK� ZH VHH WKDW WKLV LV LQ IDFW QRW WKH FDVH�
7KH NH\ WR WKH WZR UHJLPHV LV WKDW� RI WKH DJHQW
V WZR FRQoLFWLQJ REMHFWLYHV �FXUUHQW

UHYHQXH YHUVXV LQIRUPDWLRQ�� RQH LV FRQFDYH LQ WKH FKRLFH YDULDEOH� WKH RWKHU FRQYH[�
([SHULPHQWDWLRQ LV H[WUHPH LI IRU VRPH EHOLHIV WKH FRPELQHG REMHFWLYH LV FRQYH[� LPSO\�
LQJ FRUQHU VROXWLRQV ^ WKLV KDSSHQV ZKHQ WKH IUHTXHQF\ RI FKDQJH RI WKH HQYLURQPHQW
DQG WKH GLVFRXQW UDWH DUH ORZ� VR WKH YDOXH RI LQIRUPDWLRQ LV KLJK� :KHQ HLWKHU RI WKHVH
SDUDPHWHUV LQFUHDVHV� FXUUHQW UHYHQXH EHFRPHV PRUH LPSRUWDQW� HYHQWXDOO\� WKH FRP�
ELQHG REMHFWLYH LV FRQFDYH DW DOO EHOLHIV� DQG ZH KDYH LQWHULRU VROXWLRQV� KHQFH PRGHUDWH
H[SHULPHQWDWLRQ�
$W WKH SDUDPHWHU YDOXHV ZKHUH WKH FRPELQHG REMHFWLYH MXVW EHFRPHV FRQFDYH WKURXJK�

RXW� WKHUH LV D GLVFRQWLQXRXV FKDQJH LQ WKH RSWLPDO SROLF\� 7KXV� D VPDOO LQFUHDVH LQ
WKH YDULDELOLW\ RI WKH HQYLURQPHQW FDQ SURYRNH D QHDU FHVVDWLRQ RI H[SHULPHQWDWLRQ�
ZLWK GUDVWLF FRQVHTXHQFHV IRU WKH SURFHVV RI LQIRUPDWLRQ DFTXLVLWLRQ�

7KHVH UHVXOWV DUH QHZ WR WKH OLWHUDWXUH RQ VLQJOH�DJHQW OHDUQLQJ LQ D FKDQJLQJ HQYLURQ�
PHQW� 3UHYLRXV ZRUN KDV HLWKHU IRFXVHG RQ GLmHUHQW DVSHFWV RI WKH SUREOHP� RU XVHG
IUDPHZRUNV WKDW OHQW WKHPVHOYHV WR RQO\ OLPLWHG DQDO\WLFDO LQYHVWLJDWLRQ�
7KH WZR SDSHUV FORVHVW WR RXUV DUH .LHIHU �����E� DQG %DOYHUV DQG &RVLPDQR �������

ERWK VWXG\LQJ D PRQRSROLVW OHDUQLQJ DERXW FKDQJLQJ OLQHDU GHPDQG FXUYHV�� ,Q D IUDPH�
ZRUN ZLWK WZR SRVVLEOH GHPDQG FXUYHV� .LHIHU FDOFXODWHV WKH YDOXH IXQFWLRQ QXPHULFDOO\�
LOOXVWUDWHV WZR W\SHV RI RSWLPDO SROLF\ �RQH FRQWLQXRXV� RQH ZLWK D MXPS� DQG VLPX�
ODWHV WKH FRUUHVSRQGLQJ VDPSOH SDWKV RI EHOLHIV DQG DFWLRQV� ,Q %DOYHUV DQG &RVLPDQR
V
IUDPHZRUN� RQ WKH RWKHU KDQG� ERWK LQWHUFHSW DQG VORSH RI WKH XQNQRZQ GHPDQG FXUYH
DUH JLYHQ E\ VWRFKDVWLF SURFHVVHV� VR WKHUH LV LQ IDFW D FRQWLQXXP RI SRVVLEOH GHPDQG
FXUYHV� 7KLV VHHPV PRUH UHDOLVWLF WKDQ D WZR�VWDWH PRGHO� EXW WKH DGGHG FRPSOH[LW\
PDNHV LW YHU\ KDUG WR REWDLQ DQDO\WLFDO UHVXOWV� 0RUHRYHU� WKH DEVHQFH RI D FRQIRXQGLQJ
DFWLRQ PHDQV WKDW WKHLU UHVXOW RI VOXJJLVK SULFH DGMXVWPHQWV KDV QR GLUHFW FRPSDULVRQ
ZLWK RXU PDLQ nQGLQJV�
:KLOH WKH DERYH SDSHUV DVVXPH D FRQWLQXRXV DFWLRQ VSDFH� 5XVWLFKLQL DQG :ROLQVN\

������ XVH D WZR�DUPHG EDQGLW IUDPHZRUN WR VWXG\ PRQRSRO\ SULFLQJ ZKHQ WKH EX\HUV

UHVHUYDWLRQ YDOXH FKDQJHV UDQGRPO\� 7KHLU IRFXV LV RQ QRQ�QHJOLJLEOH SULFLQJ HUURUV
HYHQ ZKHQ WKH IUHTXHQF\ RI FKDQJH LV QHJOLJLEOH� )RU FHUWDLQ SDUDPHWHU FRPELQDWLRQV�
OHDUQLQJ ZLOO FHDVH FRPSOHWHO\ HYHQ WKRXJK WKH VWDWH NHHSV FKDQJLQJ� 7KLV FDQ EH VHHQ
DV WKH DQDORJXH LQ D GLVFUHWH DFWLRQ VSDFH RI RXU PRGHUDWH H[SHULPHQWDWLRQ WUDS�

1RWH WKDW ZH GHSDUW IURP WKH PRGHO LQ .LHIHU �����E�� DQG WKH RYHUZKHOPLQJ PDMRULW\
RI VLPLODU PRGHOV LQ WKH HFRQRPLFV OLWHUDWXUH� E\ IRUPXODWLQJ WKH SUREOHP LQ FRQWLQXRXV
WLPH�� 7KH DGYDQWDJH RI WKLV DSSURDFK LV WKDW LW DOORZV XV WR GHULYH VKDUS DQDO\WLFDO
UHVXOWV� ,Q SDUWLFXODU� ZH DUH DEOH WR HVWDEOLVK NH\ SURSHUWLHV RI WKH YDOXH IXQFWLRQ DQG
WKH RSWLPDO SROLF\� DQG ZH REWDLQ VRPH DQDO\WLFDO FRPSDUDWLYH VWDWLFV UHVXOWV� )XUWKHU�

�/HDUQLQJ DERXW DQ XQNQRZQ DQG UDQGRPO\ FKDQJLQJ UHODWLRQVKLS EHWZHHQ DFWLRQV DQG RXWFRPHV
LV DOVR VWXGLHG LQ %DOYHUV DQG &RVLPDQR ������ ������

�3UHYLRXVO\� VXFK D IRUPXODWLRQ KDV EHHQ DGRSWHG E\ %ROWRQ DQG +DUULV ������ DQG )HOOL DQG
+DUULV ������ ZKR VWXG\ PXOWL�DJHQW OHDUQLQJ SUREOHPV ZLWK D n[HG GLVWULEXWLRQ RI UHZDUGV� 6HH DOVR
%HUJHPDQQ DQG 9�DOLP�DNL �������
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LQ WKH FRQWLQXRXV�WLPH VHWWLQJ LW LV VWUDLJKWIRUZDUG WR FKDUDFWHULVH WKH VDPSOH SDWK
SURSHUWLHV RI EHOLHIV DQG RSWLPDO DFWLRQV LQ HDFK RI WKH WZR H[SHULPHQWDWLRQ UHJLPHV��

7KH SDSHU LV RUJDQLVHG DV IROORZV� $IWHU SUHVHQWLQJ WKH PRGHO LQ 6HFWLRQ �� ZH
SURFHHG WR DQDO\VH WKH PRQRSROLVWV
V GHFLVLRQ SUREOHP DV DQ RSWLPDO FRQWURO SUREOHP
ZLWK KLV EHOLHI DV WKH VWDWH YDULDEOH� ZH GHVFULEH WKH HYROXWLRQ RI WKLV EHOLHI RYHU WLPH
�6HFWLRQ ��� WKHQ LQWURGXFH WKH FRUUHVSRQGLQJ %HOOPDQ HTXDWLRQ DQG XVH LW WR FKDUDF�
WHULVH WKH YDOXH IXQFWLRQ DQG RSWLPDO TXDQWLWLHV �6HFWLRQ ��� 7KH PDLQ UHVXOWV RI WKH
SDSHU DUH LQ 6HFWLRQ � ZKHUH ZH ORRN DW VLWXDWLRQV LQ ZKLFK WKHUH LV D FRQIRXQGLQJ
EHOLHI� DQG WKH SDUDPHWHU VSDFH VSOLWV LQWR WZR UHJLRQV� RQH LQ ZKLFK H[SHULPHQWDWLRQ
LV H[WUHPH� WKH RWKHU LQ ZKLFK LW LV PRGHUDWH� ,Q SDUWLFXODU� ZH FRQVLGHU WKH OLPLWLQJ
FDVHV RI QR VWDWH VZLWFKLQJ DQG QR GLVFRXQWLQJ� 6HFWLRQ � WKHQ EULHo\ GLVFXVVHV WKH
VLPSOHU VFHQDULR ZKHQ WKHUH LV QR FRQIRXQGLQJ EHOLHI� H[SHULPHQWDWLRQ LV PRGHUDWH IRU
DOO SDUDPHWHU YDOXHV� DQG WKH FRPSDUDWLYH VWDWLFV UHVXOWV DUH SDUWLFXODUO\ VKDUS� $
VXPPDU\ DQG FRQFOXGLQJ UHPDUNV IROORZ LQ 6HFWLRQ �� 7HFKQLFDO UHVXOWV DUH FROOHFWHG
LQ D VHULHV RI DSSHQGLFHV�

� 7KH 0RGHO

7KHUH DUH WZR VWDWHV� N  � RU �� ,Q VWDWH N� WKH H[SHFWHG GHPDQG FXUYH �SULFH DV D
IXQFWLRQ RI TXDQWLW\� LV JLYHQ E\

S  mN b nNT

ZKHUH WKH mN� nN DUH SRVLWLYH� n[HG DQG NQRZQ� 7KH UHDOLVHG SULFH LV WKH H[SHFWHG SULFH
SOXV VRPH QRLVH WHUP�
7KH VWDWH FKDQJHV DFFRUGLQJ WR D FRQWLQXRXV WLPH 0DUNRY SURFHVV ZLWK WKH WUDQVL�

WLRQ SUREDELOLWLHV

3U�NW�cW  � M NW  ��  �b w�cW� R�cW�� 3U�NW�cW  � M NW  ��  w�cW� R�cW��

3U�NW�cW  � M NW  ��  w�cW� R�cW�� 3U�NW�cW  � M NW  ��  �b w�cW� R�cW�

ZKHUH wL w � �L  �� �� DUH NQRZQ� ,Q SDUWLFXODU�

3U �NV  L �V � >W� W�cW@ M NW  L�  H[S�bwLcW��

VHH .DUOLQ DQG 7D\ORU ������ S������
$W HDFK PRPHQW RI WLPH� WKH PRQRSROLVW FKRRVHV D TXDQWLW\ TW IURP DQ LQWHUYDO 4  

>TPLQ� TPD[@ RI IHDVLEOH TXDQWLWLHV� :H DVVXPH WKDW SURGXFWLRQ KDV FRQVWDQW PDUJLQDO
FRVW� QRUPDOLVHG WR ]HUR ZLWKRXW ORVV RI JHQHUDOLW\� VR UHYHQXH HTXDOV SURnW� :KLOH ZH
LPSRVH D QRQ�QHJDWLYLW\ FRQVWUDLQW RQ TXDQWLWLHV� ZH GR QRW GR VR IRU SULFHV� $ QHJDWLYH
SULFH DVVRFLDWHG ZLWK D ODUJH TXDQWLW\ LV VLPSO\ LQWHUSUHWHG DV D SD\PHQW UHTXLUHG WR
PDNH FRQVXPHUV DEVRUE WKDW TXDQWLW\�

�)RU H[DPSOH� WKH LQFRPSOHWH OHDUQLQJ UHVXOW IURP 0F/HQQDQ ������ IROORZV LPPHGLDWHO\ E\ VLPSO\
VHWWLQJ WKH VWDWH WUDQVLWLRQ UDWHV WR ]HUR�

�



+DYLQJ SURGXFHG TW� WKH PRQRSROLVW REVHUYHV D SULFH ZKLFK LV D QRLV\ VLJQDO RI
ZKHWKHU NW  � RU �� 0RUH SUHFLVHO\� WKH LQFUHPHQW LQ WRWDO UHYHQXH IURP VHWWLQJ
TXDQWLW\ TW LV

G5W  TW >�mNW b nNWTW� GW � }G=W@

ZKHUH = LV D VWDQGDUG :LHQHU SURFHVV LQGHSHQGHQW RI WKH SURFHVV N� DQG } ! �� n[HG
DQG NQRZQ� 7KXV� G5W  TW G3W ZLWK WKH FXPXODWLYH SULFH SURFHVV 3 JLYHQ E\

G3W  �mNW b nNWTW� GW � }G=W�

7KLV LV WKH SURFHVV ZKLFK WKH DJHQW REVHUYHV� &RQVHTXHQWO\� DQ DGPLVVLEOH VWUDWHJ\
T  ITWJ IRU WKH PRQRSROLVW LV VXFK WKDW WKH DFWLRQ WDNHQ DW WLPH W GHSHQGV RQO\ RQ
WKH SULFH KLVWRU\ XS WR WKDW WLPH� 7KH VHW RI DOO DGPLVVLEOH VWUDWHJLHV LV GHQRWHG E\ 4�
�6HH $SSHQGL[ $ IRU D IRUPDO GHnQLWLRQ��
7KH PRQRSROLVW
V LQLWLDO EHOLHI DERXW WKH VWDWH RI GHPDQG LV FKDUDFWHULVHG E\ {� KLV

VXEMHFWLYH SUREDELOLW\ WKDW N�  �� *LYHQ WKLV EHOLHI� WKH DJHQW
V REMHFWLYH LV WR FKRRVH
D VWUDWHJ\ T � 4 VR DV WR PD[LPLVH

XT�{�  ({

�= �

�

U HbU WG5W

w

 ({

�= �

�

U HbU W TW >�mNW b nNWTW� GW � }G=W@
w

ZKHUH U ! � LV WKH GLVFRXQW UDWH� n[HG DQG NQRZQ�� 8S WR WKH PXOWLSOLFDWLRQ E\ U�
ZKLFK H[SUHVVHV WKH WRWDO SD\�Rm LQ SHU SHULRG WHUPV� XT�{� LV WKH H[SHFWHG SUHVHQW
YDOXH RI WKH UHYHQXH oRZ IURP VWUDWHJ\ T� 1RWH WKDW ZH FDQ DOVR ZULWH

XT�{�  ({

�= �

�

U HbU W TW >mNW b nNWTW@ GW
w

VLQFH WKH VWRFKDVWLF LQWHJUDO ZLWK UHVSHFW WR WKH :LHQHU SURFHVV = KDV ]HUR H[SHFWDWLRQ�

� %HOLHIV

)ROORZLQJ D VWUDWHJ\ T � 4 DQG REVHUYLQJ WKH DVVRFLDWHG FXPXODWLYH SULFH SURFHVV 3 �
WKH PRQRSROLVW XSGDWHV KLV EHOLHIV DERXW WKH VWDWH RI GHPDQG LQ D %D\HVLDQ IDVKLRQ�
/HW {W GHQRWH WKH VXEMHFWLYH SUREDELOLW\ KH DVVLJQV WR VWDWH � DW WLPH W� WKDW LV� WKH
FRQGLWLRQDO SUREDELOLW\ WKDW NW  � JLYHQ WKH KLVWRU\ RI WKH SURFHVV 3 XS WR W�
%\ WKH ODZ RI LWHUDWHG H[SHFWDWLRQV� ZH KDYH

XT�{�  ({

�= �

�

U HbU W ({W
>TW �mNW b nNWTW�@ GW

w

ZKHUH

({W
>TW �mNW b nNWTW�@  TW >��b {W�m� � {Wm� b ���b {W�n� � {Wn��TW@

�/DWHU� ZH VKDOO DOVR FRQVLGHU WKH XQGLVFRXQWHG FDVH� ZKHQ U  ��

�



LV WKH H[SHFWHG UHYHQXH� JLYHQ WKH REVHUYHG SULFH KLVWRU\� IRU TXDQWLW\ TW� 7R VLPSOLI\
WKH QRWDWLRQ� ZH LQWURGXFH WKH IXQFWLRQV

m�{�  ��b {�m� � {m��

n�{�  ��b {�n� � {n�

ZKLFK GHVFULEH WKH H[SHFWHG LQWHUFHSW DQG VORSH RI WKH GHPDQG FXUYH JLYHQ WKH EHOLHI
{� DQG

5�{� T�  T >m�{�b n�{�T@

ZKLFK LV WKH FRUUHVSRQGLQJ H[SHFWHG UHYHQXH IURP VHWWLQJ TXDQWLW\ T� 7KXV� ZH KDYH
WKH UHSUHVHQWDWLRQ

XT�{�  ({

�= �

�

U HbU W 5�{W� TW� GW
w

���

ZKLFK GRHV QRW LQYROYH WKH VWRFKDVWLF YDULDEOH NW DQ\ PRUH� LQVWHDG� H[SHFWHG WRWDO
SD\�Rm LV GHVFULEHG DV D IXQFWLRQ RI EHOLHIV DORQH�
7KLV VXJJHVWV ORRNLQJ DW VWUDWHJLHV EDVHG H[FOXVLYHO\ RQ WKH LQIRUPDWLRQ FRQWDLQHG

LQ EHOLHIV� ,Q WKH QH[W VHFWLRQ ZH VKRZ WKDW RSWLPDO VWUDWHJLHV DUH LQ IDFW VWDWLRQDU\
0DUNRY VWUDWHJLHV� QDPHO\ RQHV ZKHUH WKH TXDQWLW\ FKRVHQ DW WLPH W LV D �WLPH�LQYDULDQW�
IXQFWLRQ RI WKH EHOLHI DW WKDW WLPH� WKDW LV� TW  T�{W�� +RZHYHU� nUVW ZH KDYH WR
LQYHVWLJDWH KRZ EHOLHIV HYROYH RYHU WLPH�
7R WKLV HQG� ZH GHnQH

w�{�  ��b {�w� b {w�

DQG

h�{� T�  }b�{��b {��cmbcn T�

ZKHUH cm  m� b m� LV WKH GLmHUHQFH LQ LQWHUFHSWV DQG cn  n� b n� WKH GLmHUHQFH
LQ VORSHV EHWZHHQ WKH WZR H[SHFWHG GHPDQG FXUYHV� 7KHQ� LW IROORZV IURP /LSWVHU DQG
6KLU\D\HY ������ &KDSWHU �� WKDW JLYHQ D VWUDWHJ\ T � 4� WKH EHOLHIV HYROYH DFFRUGLQJ
WR WKH nOWHULQJ HTXDWLRQ

G{W  w�{W� GW�h�{W� TW� G=
T

W ���

ZKHUH G=T

W LV WKH LQFUHPHQW RI D :LHQHU SURFHVV� ,Q RWKHU ZRUGV� WKH FKDQJH LQ EHOLHIV
G{W LV QRUPDOO\ GLVWULEXWHG ZLWK PHDQ w�{W� GW DQG YDULDQFH h

��{W� TW� GW�
(TXDWLRQ ��� HPSKDVLVHV WKH WZR VHSDUDWH IRUFHV ZKLFK GULYH WKH XSGDWLQJ� 7KH

GULIW WHUP w�{W� GW WDNHV DFFRXQW RI WKH SRVVLELOLW\ WKDW WKH VWDWH PD\ FKDQJH RYHU WKH
QH[W LQnQLWHVLPDO SHULRG RI WLPH� *LYHQ WKH FXUUHQW EHOLHI {� WKH PRQRSROLVW DVVLJQV
SUREDELOLW\ � b { WR VWDWH �� KHQFH SUREDELOLW\ �� b {�w� WR D WUDQVLWLRQ IURP VWDWH
� WR VWDWH � RYHU WKH QH[W LQVWDQW GW� LQ WKH VDPH ZD\� KH DVVLJQV SUREDELOLW\ {w� WR
D WUDQVLWLRQ IURP VWDWH � WR VWDWH �� 7KH nUVW SRVVLELOLW\ LQFUHDVHV WKH SUREDELOLW\ RI
EHLQJ LQ VWDWH � DIWHU WKH WLPH GW KDV HODSVHG� WKH VHFRQG UHGXFHV LW� DQG WKH FRPELQHG
HmHFW OHDGV WR WKH GULIW WHUP LQ ���� ,I DW OHDVW RQH RI WKH WUDQVLWLRQ LQWHQVLWLHV w�� w� LV
QRQ]HUR� WKH OLQHDU IXQFWLRQ w LV GRZQZDUG VORSLQJ DQG YDQLVKHV DW WKH LQYDULDQW EHOLHI

a{  
w�

w� � w�
�

�



,Q YLHZ RI WKLV� ZH OHW e  w� � w� DQG UHZULWH WKLV IXQFWLRQ DV

w�{�  be �{ b a{��

7KLV UHSUHVHQWDWLRQ VKRZV WKDW VWDWH VZLWFKLQJ LQWURGXFHV PHDQ UHYHUVLRQ LQWR WKH
HYROXWLRQ RI EHOLHIV� 7KURXJKRXW WKH SDSHU� ZH VKDOO n[ DQ LQYDULDQW EHOLHI a{ DQG XVH
WKH SDUDPHWHU e WR PHDVXUH WKH LQWHQVLW\ RI GHPDQG FXUYH VZLWFKHV� DQG KHQFH WKH
LQVWDELOLW\ RI WKH HQYLURQPHQW LQ ZKLFK WKH PRQRSROLVW RSHUDWHV�
7KH GLmXVLRQ WHUP h�{W� TW� G=

T

W FDSWXUHV WKH LQoXHQFH RI WKH REVHUYHG SULFH VLJQDO
RQ WKH HYROXWLRQ RI EHOLHIV� =T EHLQJ D :LHQHU SURFHVV� WKLV SDUW RI WKH XSGDWLQJ LV
FRPSOHWHO\ XQSUHGLFWDEOH� ,QWXLWLYHO\� WKLV H[SUHVVHV WKH IDFW WKDW WKH FXUUHQW EHOLHI
DOUHDG\ LQFRUSRUDWHV HYHU\WKLQJ WKDW WKHUH LV WR NQRZ� VR DQ\ FKDQJH PXVW FRPH DV D
VXUSULVH� 7KH UHSUHVHQWDWLRQ

G=T

W  }b�
r
�mNW b nNWTW� GW � }G=W b >m�{W�b n�{W�TW@ GW

s
���

IURP /LSWVHU DQG 6KLU\D\HY ������ &KDSWHU �� FRQnUPV WKLV� VKRZLQJ WKDW WKH FKDQJH LQ
EHOLHIV GHSHQGV RQ WKH GLmHUHQFH EHWZHHQ WKH UHDOLVHG SULFH� �mNWbnNWTW� GW � }G=W� DQG
WKH H[SHFWHG SULFH� >m�{W�bn�{W�TW@ GW� 7KH JUHDWHU WKH VSUHDG cmbcn TW EHWZHHQ WKH
WZR GHPDQG FXUYHV� DQG WKH ORZHU WKH QRLVH OHYHO }� WKH PRUH LQIRUPDWLYH LV WKH SULFH
VLJQDO� DQG WKH PRUH SURQRXQFHG LV WKH FKDQJH RI EHOLHIV DIWHU WKH VLJQDO LV REVHUYHG�
7KHUH LV� KRZHYHU� WKH SRVVLELOLW\ RI D FRPSOHWHO\ XQLQIRUPDWLYH VLJQDO� LI AT  cm cn
LV D IHDVLEOH TXDQWLW\� WKHQ h�{� AT�  �� VR WKH GLmXVLRQ WHUP ZRXOG YDQLVK ZHUH WKH
DJHQW WR FKRRVH WKH TXDQWLW\ AT� $OO WKLV LV UHOHYDQW RI FRXUVH RQO\ LI WKH DJHQW LV
QRW VXEMHFWLYHO\ FHUWDLQ RI WKH FXUUHQW VWDWH� )RU {  � RU �� WKH DJHQW UXOHV RXW
DQ\ SRVVLELOLW\ RI OHDUQLQJ IURP WKH SULFH VLJQDO� h��� T�  � DQG h��� T�  �� VR WKH
GLmXVLRQ WHUP YDQLVKHV QR PDWWHU ZKLFK DFWLRQ LV WDNHQ�
)LQDOO\� QRWH WKDW ZH FDQ VLPSOLI\ WKH H[SUHVVLRQ RQ WKH ULJKW�KDQG VLGH RI ��� WR

}b��NW b {W��cmbcn TW� GW � G=W� 8VLQJ WKLV WR UHSODFH G=
T

W LQ ���� ZH REWDLQ

G{W  
Q
w�{W� � }b�{W��b {W��NW b {W��cmbcn TW�

�
R
GW�h�{W� TW� G=W� ���

/RRNLQJ DW WKH WHUP ZKLFK FRQWDLQV WKH IDFWRU NWb {W� ZH VHH WKDW ZKHQHYHU WKH VLJQDO
LV LQIRUPDWLYH DQG WKH DJHQW LV QRW DOUHDG\ VXEMHFWLYHO\ FHUWDLQ� KLV EHOLHI LV SXOOHG
WRZDUGV WKH WUXWK��

� 7KH %HOOPDQ (TXDWLRQ

7KH UHSUHVHQWDWLRQ ��� IRU WKH SD\�Rm XT�{�� WKH nOWHULQJ HTXDWLRQ ��� IRU WKH HYROXWLRQ
RI EHOLHIV DQG WKH IDFW WKDW =T LV D :LHQHU SURFHVV DOORZ XV WR FRQVLGHU WKH PRQRSROLVW
V
GHFLVLRQ SUREOHP DV D SUREOHP RI RSWLPDO FRQWURO RI D GLmXVLRQ SURFHVV� WKH GLmXVLRQ
LQ TXHVWLRQ EHLQJ WKH SURFHVV RI EHOLHIV� )ROORZLQJ WKH VWDQGDUG DSSURDFK WR WKLV W\SH

�1RWH WKH GLmHUHQFH LQ SHUVSHFWLYH EHWZHHQ HTXDWLRQV ��� DQG ���� WKH IRUPHU GHVFULEHV WKH HYR�
OXWLRQ RI EHOLHIV IURP WKH SHUVSHFWLYH RI WKH DJHQW LQ RXU PRGHO� WKH ODWWHU IURP WKDW RI WKH PRGHOOHU
ZKR REVHUYHV WKH KLGGHQ YDULDEOH NW�

�



RI FRQWURO SUREOHP�� ZH QRZ WXUQ WR WKH FRUUHVSRQGLQJ YDOXH IXQFWLRQ DQG %HOOPDQ
HTXDWLRQ�
$V XVXDO� WKH YDOXH IXQFWLRQ LV GHnQHG DV

Xe�{�  VXS
T�4

XT�{� ���

IRU { � >�� �@� ,W LV FOHDUO\ ERXQGHG DQG� EHLQJ WKH XSSHU HQYHORSH RI OLQHDU SD\�
Rm IXQFWLRQV XT� LW LV DOVR FRQWLQXRXV DQG FRQYH[� FRQYH[LW\ H[SUHVVLQJ WKH IDFW WKDW
LQIRUPDWLRQ LV YDOXDEOH WR WKH DJHQW�� �6HH $SSHQGL[ % IRU GHWDLOV��
6WDQGDUG UHVXOWV LPSO\ WKDW WKH YDOXH IXQFWLRQ KDV IXUWKHU UHJXODULW\ SURSHUWLHV�

SULQFLSDOO\ WKDW LW KDV D FRQWLQXRXV nUVW GHULYDWLYH RQ >�� �@� DQG D QRQ�QHJDWLYH VHFRQG
GHULYDWLYH DOPRVW HYHU\ZKHUH RQ @�� �>� 0RUHRYHU� Xe LV D VROXWLRQ RI WKH %HOOPDQ
HTXDWLRQ

PD[
T�4

Q
�

�
h��{� T� X���{� � w�{�X��{�b U X�{� � U 5�{� T�

R
 � ���

DOPRVW HYHU\ZKHUH� VHH $SSHQGL[ & IRU GHWDLOV�
:H JLYH D EULHI� KHXULVWLF GHULYDWLRQ RI WKH %HOOPDQ HTXDWLRQ� )URP WKH 3ULQFLSOH

RI 2SWLPDOLW\� ZH VHH WKDW Xe VDWLVnHV

X�{�  PD[
T�4

Q
U 5�{� T� GW � HbU GW ({ >X�{ � G{�@

R
���

ZKHUH WKH nUVW WHUP LV WKH H[SHFWHG FXUUHQW SD\�Rm� DQG WKH VHFRQG WHUP LV WKH GLV�
FRXQWHG H[SHFWHG FRQWLQXDWLRQ YDOXH� :LWK UHJDUG WR WKH ODWWHU� ZH FDQ DSSUR[LPDWH
HbU GW E\ �b U GW� DQG� ZKHQ X LV VXpFLHQWO\ GLmHUHQWLDEOH� ,WAR
V OHPPD JLYHV XV

({>X�{ � G{�@  X�{� � X��{� ({>G{@ �
�

�
X���{� ({>�G{�

�@�

)URP HTXDWLRQ ���� ZH VHH WKDW ({>G{@  w�{� GW DQG ({>�G{�
�@  h��{� T� GW� 7KH

GLVFRXQWHG H[SHFWHG FRQWLQXDWLRQ YDOXH LV WKHUHIRUH

��b U GW�
r
X�{� � w�{� X��{� GW� �

�
h��{� T� X���{� GW

s
�

6XEVWLWXWLQJ WKLV LQWR ��� DQG LJQRULQJ WHUPV RI RUGHU �GW��� ZH REWDLQ

X�{�  PD[
T�4

Q
U 5�{� T� GW� X�{�b U X�{� GW� w�{� X��{� GW � �

�
h��{� T�X���{� GW

R

ZKLFK� DIWHU VLPSOLI\LQJ� \LHOGV WKH %HOOPDQ HTXDWLRQ ����
7KH %HOOPDQ HTXDWLRQ LV RXU PDLQ WRRO IRU FRQVWUXFWLQJ RSWLPDO VWUDWHJLHV ZKLFK

ZLOO LQ IDFW EH VWDWLRQDU\ 0DUNRY VWUDWHJLHV� 6XFK D 0DUNRY VWUDWHJ\ LV GHULYHG IURP

�6HH IRU LQVWDQFH )OHPLQJ DQG 5LVKHO ������ DQG .U\ORY �������
�,I WKH DJHQW LV XQFHUWDLQ DERXW KLV SULRU LQIRUPDWLRQ� DQG KHQFH DERXW KLV SULRU EHOLHI� WKHQ KH FDQ

RQO\ JDLQ IURP UHVROYLQJ WKLV XQFHUWDLQW\ EHIRUH FKRRVLQJ D VWUDWHJ\� ,I� IRU LQVWDQFH� WKH SULRU EHOLHI
LV {� ZLWK SUREDELOLW\ s DQG {� ZLWK SUREDELOLW\ �b s� WKHQ WKH DJHQW REWDLQV Xe�s{� � ��b s�{�� LI
WKH XQFHUWDLQW\ UHPDLQV XQUHVROYHG� ZKLOH KH FDQ DFKLHYH WKH H[SHFWHG SD\�Rm sXe�{�����bs�Xe�{��
LI WKH XQFHUWDLQW\ LV UHVROYHG� 7KH ODWWHU GRPLQDWHV WKH IRUPHU LI DQG RQO\ LI Xe LV FRQYH[�

�



D SROLF\ IXQFWLRQ T � >�� �@ � 4 ZKLFK VHOHFWV WKH TXDQWLW\ TW  T�{W� ZKHQ {W LV WKH
EHOLHI DW WLPH W� $ SROLF\ IXQFWLRQ LV DGPLVVLEOH LI WKLV SURFHGXUH OHDGV WR DQ DGPLVVLEOH
VWUDWHJ\ T � 4 IRU DQ\ JLYHQ LQLWLDO EHOLHI {�� LQ $SSHQGL[ $� ZH SUHVHQW VRPH UHJXODULW\
FRQGLWLRQV ZKLFK HQVXUH WKDW D JLYHQ SROLF\ IXQFWLRQ LV DGPLVVLEOH� 1RZ VXSSRVH ZH
KDYH D VROXWLRQ X RI WKH %HOOPDQ HTXDWLRQ �VXEMHFW WR ERXQGDU\ FRQGLWLRQV ZKLFK ZH
VKDOO GLVFXVV DIWHU WKH QH[W VXEVHFWLRQ� DQG DQ DGPLVVLEOH SROLF\ IXQFWLRQ T � >�� �@� 4
VXFK WKDW

T�{� � DUJPD[
T�4

Q
�

�
h��{� T� X���{� � w�{� X��{�b U X�{� � U 5�{� T�

R

IRU DOO {� 7KHQ D VWDQGDUG DUJXPHQW� WKH YHULnFDWLRQ WKHRUHP JLYHQ LQ $SSHQGL[ &�
LPSOLHV WKDW X LV WKH YDOXH IXQFWLRQ DQG T DQ RSWLPDO SROLF\�
:H QRZ GLVFXVV WKH HFRQRPLFV EHKLQG WKH %HOOPDQ HTXDWLRQ�

��� ,QWHUSUHWDWLRQ

6RPH HFRQRPLF LQVLJKWV FDQ EH JDLQHG IURP UHZULWLQJ WKH %HOOPDQ HTXDWLRQ DV

X�{�  w�{�
X��{�

U
�PD[

T�4

�
h��{� T�

X���{�
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� 5�{� T�
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ZKHUH WKH PD[LPLVDWLRQ SUREOHP LPPHGLDWHO\ LQGLFDWHV WKH IXQGDPHQWDO WUDGH�Rm EH�
WZHHQ LQIRUPDWLRQ JDWKHULQJ DQG P\RSLF SURnW PD[LPLVDWLRQ� :H ORRN DW WKH WKUHH
WHUPV RQ WKH ULJKW�KDQG VLGH RI ��� LQ WXUQ�
7KH nUVW WHUP� w�{�X��{� U� UHSUHVHQWV WKH YDOXH RI VWDWH VZLWFKHV� $FFRUGLQJ WR

���� w�{� LQGLFDWHV WKH PDJQLWXGH DQG GLUHFWLRQ RI WKH OLNHO\ FKDQJH LQ EHOLHI GXH WR
SRVVLEOH VWDWH VZLWFKLQJ� 7KLV SLHFH RI �SDVVLYHO\ DFTXLUHG� LQIRUPDWLRQ KDV WKH VKDGRZ
SULFH X��{� U� 7KH UHVXOWLQJ FRQWULEXWLRQ WR WKH YDOXH IXQFWLRQ LV SRVLWLYH LI WKH EHOLHI
LV H[SHFWHG WR PRYH LQ WKH GLUHFWLRQ ZKLFK LQFUHDVHV YDOXH�
7KH QH[W WHUP� h��{� T� X���{� �U� UHSUHVHQWV WKH YDOXH RI LQIRUPDWLRQ DFWLYHO\ DF�

TXLUHG E\ WKH DJHQW� ,QGHHG� WKH GLVFXVVLRQ DIWHU HTXDWLRQ ��� DERYH VKRZV WKDW h��{� T�
SURYLGHV D PHDVXUH IRU WKH LQIRUPDWLYHQHVV RI WKH SULFH VLJQDO REWDLQHG IURP VHWWLQJ
WKH TXDQWLW\ T� 7KLV LQIRUPDWLYHQHVV LV YDOXHG ZLWK WKH VKDGRZ SULFH X���{� �U� 1RWH
WKDW IRU cn � �� WKH YDOXH RI LQIRUPDWLRQ LV D VWULFWO\ FRQYH[ TXDGUDWLF LQ T ZLWK D
JOREDO PLQLPXP RI � DW AT  cm cn� ,Q SDUWLFXODU� WKH YDOXH RI LQIRUPDWLRQ LQFUHDVHV
VWULFWO\ ZLWK WKH GLVWDQFH EHWZHHQ T DQG AT�
7KH ODVW WHUP� 5�{� T�� UHSUHVHQWV WKH P\RSLF SD\�Rm�� 1RWH WKDW 5�{� T� LV D

�:H UHIHU KHUH WR D VWURQJ IRUP RI P\RSLD ZKLFK DVVXPHV WKDW WKH FXUUHQW EHOLHI ZLOO SHUVLVW IRUHYHU�
,I WKLV ZHUH WKH FDVH� VHWWLQJ WKH TXDQWLW\ T IRUHYHU ZRXOG LQGHHG \LHOG= �

�

U HbU W5�{� T� GW  5�{� T��

$OWHUQDWLYHO\� ZH FDQ WKLQN RI WKLV DV WKH H[SHFWHG SD\�Rm IRU U  �� $V U WHQGV WR LQnQLW\� WKH
GLVWULEXWLRQ RQ ,5� ZLWK GHQVLW\ U HbU W GHJHQHUDWHV WR D SRLQW PDVV DW W  �� DQG WKH DJHQW EHFRPHV
P\RSLF LQ VR IDU DV KH GRHV QRW FDUH IRU WKH IXWXUH DQ\ PRUH� IRU U  �� XT�{�  5�{� T���

�



FRQFDYH TXDGUDWLF LQ T ZLWK D JOREDO PD[LPXP RI

P�{�  PD[
T

5�{� T�  
m�{��

�n�{�

DW WKH TXDQWLW\

TP�{�  DUJPD[
T

5�{� T�  
m�{�

�n�{�
�

:H FDOO WKH IXQFWLRQV P DQG TP WKH P\RSLF RSWLPXP SD\�Rm DQG WKH P\RSLF SROLF\
IXQFWLRQ� UHVSHFWLYHO\� DQG ZH GHQRWH WKH UDQJH RI TP E\ 4P� 7KURXJKRXW WKH SDSHU�
ZH DVVXPH WKDW 4P t 4� VR WKH P\RSLFDOO\ RSWLPDO TXDQWLWLHV DUH DOZD\V LQ WKH FKRLFH
VHW RI WKH PRQRSROLVW� $V

5�{� T�  P�{�b n�{�>T b TP�{�@�� ���

WKH P\RSLF SD\�Rm GHFUHDVHV VWULFWO\ DV WKH GLVWDQFH EHWZHHQ T DQG TP�{� LQFUHDVHV�
6R� WKH DJHQW
V SUREOHP LV WR FKRRVH D TXDQWLW\ WKDW PD[LPLVHV WKH VXP RI WKH YDOXH

RI LQIRUPDWLRQ DFWLYHO\ DFTXLUHG DQG WKH P\RSLF SD\�Rm� 7KLV VXP LV DOVR D TXDGUDWLF
LQ T DQG LWV FRQYH[LW\�FRQFDYLW\ GHSHQGV RQ ZKHWKHU RU QRW WKH FRQYH[LW\ RI WKH YDOXH
RI LQIRUPDWLRQ WHUP GRPLQDWHV WKH FRQFDYLW\ RI WKH P\RSLF SD\�Rm� 7KLV LV WKH NH\ WR
WKH GLVFRQWLQXLW\ LQ RSWLPDO EHKDYLRXU ZKLFK ZH ZLOO nQG LQ 6HFWLRQ ��

��� ([SHULPHQWDWLRQ DQG ,QIRUPDWLRQ

7KH DJHQW LV VDLG WR H[SHULPHQW LI KH GHYLDWHV IURP WKH DFWLRQ WKDW ZRXOG PD[LPLVH
KLV P\RSLF SD\�Rm� 6XFK D GHYLDWLRQ HQWDLOV DQ RSSRUWXQLW\ FRVW LQ WKH IRUP RI D ORVV
LQ FXUUHQW H[SHFWHG UHZDUGV� VHH ���� 2Q WKH RWKHU KDQG� D GHYLDWLRQ IURP WKH P\RSLF
RSWLPXP PLJKW UHQGHU WKH SULFH VLJQDO PRUH LQIRUPDWLYH� :H FDQ WKXV UHSKUDVH WKH
DERYH WUDGH�Rm DV IROORZV� ,Q FKRRVLQJ D TXDQWLW\� WKH PRQRSROLVW KDV WR ZHLJK WKH
RSSRUWXQLW\ FRVW RI H[SHULPHQWDWLRQ DJDLQVW LWV ORQJ�WHUP LQIRUPDWLRQDO EHQHnWV�
(FRQRPLF LQWXLWLRQ VXJJHVWV WKDW WKH PRQRSROLVW ZLOO QRW H[SHULPHQW ZKHQ KH LV

VXEMHFWLYHO\ FHUWDLQ RI WKH FXUUHQW VWDWH RI GHPDQG� )RU { WHQGLQJ WR � RU �� ZH
WKHUHIRUH H[SHFW WKDW WKH YDOXH RI LQIRUPDWLRQ h��{� T� �Xe����{� �U WHQGV WR ]HUR IRU DOO
SRVVLEOH TXDQWLWLHV T� ,I WKLV LV WKH FDVH� WKHQ WKH P\RSLF TXDQWLW\ TP��� RU TP��� ZLOO
EH RSWLPDO LQ ��� IRU {  � RU �� UHVSHFWLYHO\� DQG IRUPDOO\ WDNLQJ OLPLWV LQ ���� ZH
REWDLQ WKH IROORZLQJ ERXQGDU\ FRQGLWLRQV IRU WKH YDOXH IXQFWLRQ�

Xe���b w���
�Xe�����

U
 P���� Xe���b w���

�Xe�����

U
 P����

7KLV LQWXLWLRQ LV FRQnUPHG LQ $SSHQGL[ & ZKHUH ZH VKRZ WKDW WKHVH ERXQGDU\ FRQGL�
WLRQV DUH LQGHHG VDWLVnHG E\ WKH YDOXH IXQFWLRQ� +HQFH WKH DJHQW GRHV QRW H[SHULPHQW
DW WKH EHOLHIV � DQG ��
$W DOO RWKHU EHOLHIV� HYDOXDWLQJ WKH PD[LPDQG LQ ��� IRU WKH YDOXH IXQFWLRQ Xe DQG

WKH TXDQWLW\ T  TP�{� VKRZV WKDW

Xe�{�b w�{�
�Xe��{��

U
w P�{�� ����

��



0RUHRYHU� WKH %HOOPDQ HTXDWLRQ LPSOLHV WKDW WKH DJHQW H[SHULPHQWV DW D EHOLHI { LI
DQG RQO\ LI WKH LQHTXDOLW\ ���� LV VWULFW DW WKDW EHOLHI� :H ZLOO VHH WKDW WKHUH LV LQ IDFW
DW PRVW RQH QRQ�GHJHQHUDWH EHOLHI DW ZKLFK WKLV LQHTXDOLW\ PLJKW IDLO WR EH VWULFW� WKLV
EHOLHI LV LGHQWLnHG QH[W�

��� 7KH &RQIRXQGLQJ 4XDQWLW\ DQG %HOLHI

8QOHVV VWDWHG RWKHUZLVH� ZH ZLOO PDNH WKH IROORZLQJ

$VVXPSWLRQ 7KH WZR GHPDQG FXUYHV LQWHUVHFW DW D TXDQWLW\ AT O\LQJ VWULFWO\ EHWZHHQ
TP��� DQG TP����

7R EH PRUH FRQFUHWH� ZH DVVXPH ZLWKRXW ORVV RI JHQHUDOLW\ WKDW WKH GHPDQG FXUYH
LQ VWDWH � LV VWHHSHU WKDQ WKH GHPDQG FXUYH LQ VWDWH �� WKDW LV� cn ! �� :LWK WKLV
FRQYHQWLRQ� WKH DVVXPSWLRQ DPRXQWV WR WKH LQHTXDOLWLHV cm ! � DQG

m�

�n�
!
cm

cn
!

m�

�n�
�

DQG WKH WZR GHPDQG FXUYHV LQWHUVHFW DW WKH SRLQW ZLWK FR�RUGLQDWHV

AT  
cm

cn
� AS  

m�n� b m�n�
cn

LQ WKH �T� S��SODQH�� DV LQ )LJXUH ��
:H VDZ LQ 6HFWLRQ � WKDW FKRRVLQJ WKH TXDQWLW\ AT OHDGV WR D FRPSOHWHO\ XQLQIRUPDWLYH

SULFH VLJQDO ^ WKH H[SHFWHG SULFH IRU WKLV TXDQWLW\ LV AS UHJDUGOHVV RI WKH VWDWH RI GHPDQG�
$V WKLV FRQVWLWXWHV D FRQIRXQGLQJ DFWLRQ LQ WKH VHQVH RI (DVOH\ DQG .LHIHU ������� ZH
VKDOO UHIHU WR AT DV WKH FRQIRXQGLQJ TXDQWLW\�
,I WKH PRQRSROLVW ZHUH WR FKRRVH AT� WKHQ KH ZRXOG DFTXLUH QR LQIRUPDWLRQ DQG VR

IRU WKLV DFWLRQ WR EH RSWLPDO LW PXVW PD[LPLVH KLV P\RSLF SD\�Rm� WKDW LV� JLYHQ WKH
EHOLHI {� AT FDQ EH RSWLPDO RQO\ LI AT  TP�{�� 6WUDLJKWIRUZDUG DOJHEUD VKRZV VWULFW
PRQRWRQLFLW\ RI WKH P\RSLF SROLF\ IXQFWLRQ� VR WKHUH LV D XQLTXH EHOLHI DW ZKLFK WKH
PRQRSROLVW FRXOG SRVVLEO\ nQG LW RSWLPDO WR FKRRVH AT� :H GHQRWH WKLV EHOLHI E\ A{�
DQG� ODFNLQJ D EHWWHU QDPH� ZH PD\ VRPHWLPHV FDOO LW WKH FRQIRXQGLQJ EHOLHI� 1RZ� DV
TP�A{�  AT� D VLPSOH FDOFXODWLRQ UHYHDOV WKDW

A{  
m�

cm
b � n�

cn
�

� 1RWH WKDW XQGHU WKLV DVVXPSWLRQ� WKH VLWXDWLRQ IDFHG E\ WKH PRQRSROLVW VDWLVnHV WKH WZR QHFHVVDU\
FRQGLWLRQV IRU H[SHULPHQWDWLRQ LGHQWLnHG E\ 0LUPDQ� 6DPXHOVRQ DQG 8UEDQR ������ LQ D WZR�SHULRG
IUDPHZRUN� H[SHULPHQWDWLRQ LV LQIRUPDWLYH VLQFH D FKDQJH LQ TXDQWLW\ DmHFWV WKH LQIRUPDWLYHQHVV RI
WKH SULFH VLJQDO �cn � ��� DQG LQIRUPDWLRQ LV YDOXDEOH LQ WKH VHQVH WKDW GLmHUHQW TXDQWLWLHV DUH RSWLPDO
LQ WKH WZR VWDWHV �TP��� � TP����� ,Q IDFW� WKHVH WZR FRQGLWLRQV DUH VXpFLHQW IRU H[SHULPHQWDWLRQ
WR RFFXU DW DOPRVW DOO EHOLHIV {� 7R VHH WKLV� QRWH WKDW TP���� TP��� LPSOLHV VWULFW FRQYH[LW\ RI WKH
P\RSLF SD\�Rm IXQFWLRQ P� ZKLFK LQ WXUQ LPSOLHV VWULFW FRQYH[LW\ RI WKH YDOXH IXQFWLRQ Xe VLQFH WKH
%HOOPDQ HTXDWLRQ UXOHV RXW OLQHDU VHJPHQWV IRU Xe LI P KDV QRQH� ,Q SDUWLFXODU� ZH KDYH �Xe��� ! �
DOPRVW HYHU\ZKHUH� $V cn � �� WKLV PHDQV WKDW WKH P\RSLF TXDQWLW\ TP�{� YLRODWHV WKH nUVW RUGHU
FRQGLWLRQ IRU WKH PD[LPLVDWLRQ SUREOHP LQ ��� DW DOPRVW DOO {� $W WKH VDPH WLPH� WKLV VKRZV WKDW WKH
LQHTXDOLW\ ���� LV VWULFW DOPRVW HYHU\ZKHUH�

��
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AS

ATTP��� TP���TPLQ TPD[

)LJXUH �� 7KH WZR GHPDQG FXUYHV

)RU IXWXUH UHIHUHQFH� ZH GHnQH AP  ASAT� &OHDUO\� AP  5�{� AT�� VR ZH FDQ LQWHUSUHW
LW DV WKH H[SHFWHG UHYHQXH� JLYHQ DQ\ EHOLHI {� IURP WKH TXDQWLW\ AT� ,Q SDUWLFXODU�
AP  P�A{�� DQG LW LV HDV\ WR YHULI\ WKDW WKLV LV WKH JOREDO PLQLPXP RI WKH P\RSLF
SD\�Rm IXQFWLRQ P� LQ IDFW� P LV VWULFWO\ GHFUHDVLQJ RQ >�� A{@ DQG VWULFWO\ LQFUHDVLQJ RQ
>A{� �@�

:H QRWHG DW WKH HQG RI 6HFWLRQ ��� WKDW IRU HDFK FXUUHQW EHOLHI {� WKH DJHQW PD[LPLVHV
WKH VXP RI WZR TXDGUDWLFV� RQH FRQYH[ FHQWUHG RQ AT DQG RQH FRQFDYH FHQWUHG RQ TP�{��
$W WKH EHOLHI A{� WKHVH TXDGUDWLFV DUH WKXV FHQWUHG RQ WKH VDPH TXDQWLW\� DV LV WKHLU VXP�
7KHUHIRUH� ZH H[SHFW HLWKHU QR H[SHULPHQWDWLRQ DW A{ �ZKHQ WKH FRPELQHG TXDGUDWLF LV
FRQFDYH� RU H[WUHPH H[SHULPHQWDWLRQ �ZKHQ WKH FRPELQHG TXDGUDWLF LV FRQYH[� PHDQLQJ
WKDW TPD[ RU TPLQ LV FKRVHQ� 7KH %HOOPDQ HTXDWLRQ LQGLFDWHV IXUWKHU WKDW WKH FDVH RI QR
H[SHULPHQWDWLRQ DW A{ LV FKDUDFWHULVHG E\ WKH FRQGLWLRQ

Xe�A{�b w�A{�
�Xe���A{�

U
 AP�

ZKLOH WKH FDVH RI H[WUHPH H[SHULPHQWDWLRQ FRUUHVSRQGV WR WKH LQHTXDOLW\

Xe�A{�b w�A{�
�Xe���A{�

U
! AP�

:H VKDOO FRQnUP WKLV EHORZ�

��



��� $ 'LmHUHQWLDO (TXDWLRQ IRU WKH 9DOXH )XQFWLRQ

7KH QH[W VWHS LQ VROYLQJ WKH DJHQW
V SUREOHP LV WR XVH WKH %HOOPDQ HTXDWLRQ WR GHULYH
DQ RUGLQDU\ GLmHUHQWLDO HTXDWLRQ IRU WKH YDOXH IXQFWLRQ� 7KH REYLRXV ZD\ WR GR WKLV LV
LQ WZR VWDJHV� nUVW FDOFXODWH RSWLPDO TXDQWLWLHV LQ WHUPV RI {� X�{�� X��{� DQG X���{��
WKHQ LQVHUW WKHVH EDFN LQWR WKH %HOOPDQ HTXDWLRQ DQG VROYH IRU X���{�� +RZHYHU� VWDUWLQJ
ZLWK D VLPSOH UHIRUPXODWLRQ RI WKH %HOOPDQ HTXDWLRQ HQDEOHV XV WR JHW WR WKH GHVLUHG
2'( PRUH GLUHFWO\�
,QWURGXFLQJ WKH QRWDWLRQ

~�{�  cn� }b� {���b {��

VR WKDW h��{� T�  ~�{� >T b AT@�� ZH FDQ UHZULWH ��� DV

X�{�b w�{�
X��{�

U
 PD[

T�4

�
~�{� >T b AT@� X

���{�

�U
�5�{� T�

�
� ����

$V 5�{� AT�  AP� AT LV VXERSWLPDO LQ ���� DV ORQJ DV X�{� b w�{�X��{� U ! AP� 8QGHU
WKLV FRQGLWLRQ� ���� LV WKHQ HDVLO\ VHHQ WR EH HTXLYDOHQW WR

~�{�
X���{�

�U
 PLQ

T�4bIATJ

X�{�b w�{�X��{� U b5�{� T�

>T b AT@� � ����

DQG D TXDQWLW\ Te � 4b IATJ DWWDLQV WKH PD[LPXP LQ ���� LI DQG RQO\ LI LW DWWDLQV WKH
PLQLPXP LQ �������

7KLV REVHUYDWLRQ HmHFWLYHO\ UHGXFHV WKH DQDO\VLV RI WKH %HOOPDQ HTXDWLRQ WR WKH
DQDO\VLV RI WKH IXQFWLRQ

*�{� Y�  PLQ
T�4bIATJ

Y b5�{� T�

>T b AT@� ����

DQG WKH FRUUHVSRQGHQFH

2�{� Y�  DUJPLQ
T�4bIATJ

Y b5�{� T�

>T b AT@�
IRU �{� Y� O\LQJ LQ WKH VHW

$  I�{� Y� � @�� �> d,5 � Y w P�{� DQG Y ! APJ �
+HUH� Y LV D JHQHULF YDULDEOH VWDQGLQJ IRU X�{�b w�{�X��{� U� 1RWH WKDW WKH FRQGLWLRQ
Y ! AP UXOHV RXW H[DFWO\ WKH SRLQW �A{� AP�� L�H� WKH ORZHVW SRLQW RQ WKH JUDSK RI WKH
P\RSLF SD\�Rm IXQFWLRQ P� VHH )LJXUH � EHORZ�
7KH IXQFWLRQ * LV ZHOO�GHnQHG RQ $� WKDW LV� 2 LV QRQHPSW\�YDOXHG� DQG ZH VKDOO

VHH EHORZ WKDW * LV FRQWLQXRXV RQ $��� 7KLV LPSOLHV WKDW WKH YDOXH IXQFWLRQ Xe LV WZLFH
GLmHUHQWLDEOH DQG VROYHV WKH 2'(

~�{�
X���{�

�U
 *

�
{� X�{�b w�{�

X��{�

U

�
����

��$ GHWDLOHG GHULYDWLRQ RI WKLV HTXLYDOHQFH LV JLYHQ LQ $SSHQGL[ '�
��:H VKDOO JLYH DQ H[SOLFLW H[SUHVVLRQ IRU * ZKLFK PDNHV FRQWLQXLW\ REYLRXV� $OWHUQDWLYHO\� ZH FRXOG

VKRZ FRQWLQXLW\ E\ DSSO\LQJ VWDQGDUG DUJXPHQWV ZKLFK DUH XVHG LQ WKH SURRI RI %HUJH
V 0D[LPXP
7KHRUHP�

��



DW OHDVW RQ @�� �> bIA{J� DQG RQ WKH ZKROH RI @�� �> LI Xe�A{�b w�A{��Xe���A{� U ! AP���

&RQYHUVHO\� ZH KDYH WKH IROORZLQJ YHULnFDWLRQ WKHRUHP� 6XSSRVH WKH IXQFWLRQ X KDV
D FRQWLQXRXV nUVW GHULYDWLYH RQ >�� �@ DQG VROYHV ���� RQ @�� �> bIA{J ZLWK WKH ERXQGDU\
FRQGLWLRQV X���bw���X���� U  P��� DQG X���bw���X���� U  P���� PRUHRYHU� VXSSRVH
WKDW WKHUH LV DQ DGPLVVLEOH SROLF\ IXQFWLRQ Te VXFK WKDW

Te�{� � 2

�
{� X�{�b w�{�

X��{�

U

�

IRU DOO { � A{� 7KHQ X  Xe� DQG WKH SROLF\ IXQFWLRQ Te LV RSWLPDO� �7KLV IROORZV GLUHFWO\
IURP 3URSRVLWLRQ &�� LQ WKH $SSHQGL[��

��� 2SWLPDO 4XDQWLWLHV

:H WXUQ QRZ WR D PRUH H[SOLFLW DQDO\VLV RI WKH IXQFWLRQ * DQG WKH RSWLPDO TXDQWLW\
FRUUHVSRQGHQFH 2� :H MXVW RXWOLQH WKH JHQHUDO VWUXFWXUH� GHWDLOV DUH JLYHQ LQ $SSHQGL[
'� 7KH DUHD $ FDQ EH GLYLGHG LQWR IRXU UHJLRQV E\ UD\V HPDQDWLQJ IURP �A{� AP�� DV
LQ )LJXUH �� 7KH UHJLRQV ZKLFK ERUGHU RQ WKH FXUYH Y  P�{� DUH DVVRFLDWHG ZLWK
WKH PLQLPLVDWLRQ SUREOHP LQ ���� KDYLQJ DQ LQWHULRU VROXWLRQ� DQG WKH RWKHU WZR DUH
DVVRFLDWHG ZLWK LW KDYLQJ D FRUQHU VROXWLRQ� ,Q EULHI� PRYLQJ FORFNZLVH IURP WKH OHIW� ZH
VKDOO KDYH� LQWHULRU VROXWLRQ� FRUQHU VROXWLRQ TPD[� FRUQHU VROXWLRQ TPLQ� LQWHULRU VROXWLRQ�
7KH OHIWPRVW UD\ ZKLFK VHSDUDWHV WKH nUVW WZR UHJLRQV JRHV XS DQG WR WKH OHIW IURP

�A{� AP� DQG LV GHWHUPLQHG E\ WKH ERUGHUOLQH FDVH ZKHUH WKH nUVW RUGHU FRQGLWLRQ IRU
WKH PLQLPLVDWLRQ SUREOHP LQ ���� KROGV IRU T  TPD[� 6LPLODUO\� WKH ULJKWPRVW UD\
ZKLFK VHSDUDWHV WKH ODVW WZR UHJLRQV JRHV XS DQG WR WKH ULJKW DQG LV GHWHUPLQHG E\ WKH
ERUGHUOLQH FDVH ZKHUH WKH nUVW RUGHU FRQGLWLRQ KROGV IRU T  TPLQ� ,QWHULRU VROXWLRQV DUH
REWDLQHG LQ WKH UHJLRQV �GHQRWHG E\ $LQW�C DQG $LQW�U� ZKLFK OLH EHORZ WKHVH UD\V� DQG
DUH JLYHQ E\��

2�{� Y�  TP�{� �
Y bP�{�

P�{�b AP
>TP�{�b AT@ � ����

(YDOXDWLQJ WKH PLQLPDQG LQ ���� DW WKHVH TXDQWLWLHV� ZH nQG

*�{� Y�  n�{�
Y bP�{�

Y b AP
����

LQ WKH WZR UHJLRQV DVVRFLDWHG ZLWK LQWHULRU VROXWLRQV�
&RUQHU VROXWLRQV DUH REWDLQHG LQ WKH DUHD EHWZHHQ WKH OHIWPRVW DQG ULJKWPRVW UD\V�

7KLV DUHD VSOLWV LQWR WZR UHJLRQV DORQJ D WKLUG� FHQWUDO UD\ �GHQRWHG E\ 5F� ZKLFK LV
GHWHUPLQHG E\ WKH ERUGHUOLQH FDVH ZKHQ TPD[ DQG TPLQ DUH ERWK RSWLPDO DQG VR JLYH
WKH VDPH YDOXH LQ ����� :H KDYH 2�{� Y�  TPD[ EHWZHHQ WKH OHIW DQG WKH FHQWUDO UD\�
2�{� Y�  ITPD[� TPLQJ DORQJ WKH FHQWUDO UD\� DQG 2�{� Y�  TPLQ EHWZHHQ WKH FHQWUDO
DQG WKH ULJKW UD\� 7KH FRUUHVSRQGLQJ H[SUHVVLRQV IRU * DUH

*�{� Y�  
Y b5�{� TPD[�

>TPD[ b AT@� ����

��$V *�{� Xe�{� b w�{��Xe���{� U� LV FRQWLQXRXV LQ { DV ORQJ DV Xe�{� b w�{��Xe���{� U ! AP� WKLV
VWDWHPHQW IROORZV GLUHFWO\ IURP &RUROODU\ &�� LQ WKH $SSHQGL[�

��:KHQ 2�{� Y� LV D VLQJOHWRQ� ZH ZULWH 2�{� Y�  T UDWKHU WKDQ 2�{� Y�  ITJ�

��



%HOLHI
� �A{

$GMXVWHG

9DOXH

P��� P���

AP 


5F

$LQW�C $LQW�U

LQWHULRU
VROXWLRQ

LQWHULRU
VROXWLRQ

TPD[ TPLQ

)LJXUH �� 7KH IRXU UHJLRQV

7KH FRQYH[ FXUYH LV WKH P\RSLF SD\�Rm Y  P�{��

DQG

*�{� Y�  
Y b5�{� TPLQ�

>AT b TPLQ@�
� ����

*LYHQ WKH UHSUHVHQWDWLRQV ���� ^ ���� RQ WKH UHVSHFWLYH UHJLRQV� LW LV QRZ VWUDLJKWIRUZDUG
WR YHULI\ WKDW * LV FRQWLQXRXV RQ $���

��� 7KH $GMXVWHG 9DOXH )XQFWLRQ

7KH SUHYLRXV VXEVHFWLRQ VKRZV WKDW RSWLPDO TXDQWLWLHV GHSHQG RQO\ RQ WKH EHOLHI { DQG
WKH YDOXH DW { RI WKH IXQFWLRQ

Ye�{�  Xe�{�b w�{�
�Xe���{�

U
����

ZKLFK ZH FDOO WKH DGMXVWHG YDOXH IXQFWLRQ� 6LQFH NQRZLQJ WKH DGMXVWHG YDOXH IXQFWLRQ
ZLOO EH HQRXJK WR GHWHUPLQH RSWLPDO SROLFLHV� RXU QH[W VWHS LV WR WUDQVIRUP WKH 2'(

��1RWH� KRZHYHU� WKDW LW FDQQRW EH H[WHQGHG FRQWLQXRXVO\ LQWR WKH SRLQW �A{� AP� WKDW ZH H[FOXGHG
IURP WKH VHW $� )RU D VHTXHQFH RI SRLQWV �{Q� YQ� LQ $ FRQYHUJLQJ WR �A{� AP� DORQJ WKH JUDSK RI WKH
P\RSLF SD\�Rm IXQFWLRQ P� IRU H[DPSOH� OLPQ��*�{Q� YQ�  �� IRU D VHTXHQFH FRQYHUJLQJ WR �A{� AP�
DORQJ WKH FHQWUDO UD\� RQ WKH RWKHU KDQG� WKLV OLPLW LV n�A{��

��



���� IRU Xe LQWR DQ 2'( IRU Ye� 1RWH WKDW WKH ERXQGDU\ FRQGLWLRQV EHFRPH YHU\ VLPSOH�
Ye DQGP FRLQFLGH DW WKH EHOLHIV � DQG �� 1RWH DOVR WKDW RQFH ZH NQRZ Ye� ZH FDQ UHFRYHU
Xe E\ LQWHJUDWLQJ ����� WKDW LV� E\ VROYLQJ D OLQHDU 2'(���

:H IRUPDOO\ GLmHUHQWLDWH WKH HTXDWLRQ Y�{�  X�{�b w�{� X��{� U WZLFH� HDFK WLPH
XVLQJ WKH UHODWLRQVKLS ~�{�X���{� �U  *�{� Y�{�� WR UHSODFH X�� ZLWK DQ H[SUHVVLRQ WKDW
LQYROYHV RQO\ { DQG Y� 7KLV \LHOGV WKH IROORZLQJ VHFRQG�RUGHU 2'( IRU WKH DGMXVWHG
YDOXH IXQFWLRQ�
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$V IRU GLmHUHQWLDELOLW\ RI *� LW LV HDV\ WR FKHFN WKDW * LV FRQWLQXRXVO\ GLmHUHQWLDEOH
LQ WKH LQWHULRU RI $ ZLWK WKH H[FHSWLRQ RI WKH FHQWUDO UD\ VHSDUDWLQJ WKH UHJLRQV ZKHUH
TPD[ RU TPLQ LV RSWLPDO� :H ZLOO WKHUHIRUH FRQVLGHU WKH 2'( ���� VHSDUDWHO\ WR WKH OHIW
DQG WR WKH ULJKW RI WKDW UD\�
6XPPDULVLQJ WKH GHYHORSPHQWV VR IDU� ZH FDQ VD\ WKDW WKH DGMXVWHG YDOXH IXQFWLRQ

VROYHV ���� RQ @�� �> ZLWK WKH SRVVLEOH H[FHSWLRQ RI WKH FRQIRXQGLQJ EHOLHI A{ RU DQ\ EHOLHI
ZKHUH WKH JUDSK RI Ye FURVVHV WKH FHQWUDO UD\� &RQYHUVHO\� LI ZH KDYH D VROXWLRQ �LQ WKH
VHQVH RI WKH SUHYLRXV VHQWHQFH� Y RI ���� ZLWK WKH DERYH ERXQGDU\ FRQGLWLRQV DQG VXFK
WKDW Te�{�  2�{� Y�{�� GHnQHV DQ DGPLVVLEOH SROLF\ IXQFWLRQ� WKHQ Y  Ye DQG WKH
SROLF\ Te LV RSWLPDO� ,W LV PDLQO\ WKLV YHUVLRQ RI D YHULnFDWLRQ WKHRUHP WKDW ZH ZLOO XVH
EHORZ�
:KHQ WKH RSWLPLVDWLRQ SUREOHP LQ WKH %HOOPDQ HTXDWLRQ KDV DQ LQWHULRU VROXWLRQ�

*�{� Y� LV JLYHQ E\ ����� VR WKH 2'( ���� EHFRPHV
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LQ WKLV FDVH� 0DQ\ RI WKH UHVXOWV REWDLQHG LQ WKH IROORZLQJ VHFWLRQV DUH EDVHG RQ D
GHWDLOHG LQYHVWLJDWLRQ RI WKLV SDUWLFXODU GLmHUHQWLDO HTXDWLRQ�
:KLOH ZH KDYH GHULYHG WKH DERYH VWDWHPHQWV IRU D GLVFRXQW UDWH U ! � RQO\� WKH\

FRQWLQXH WR EH YDOLG LQ WKH OLPLWLQJ FDVH RI QR GLVFRXQWLQJ �U  �� RQFH ZH XVH D
GHnQLWLRQ RI WKH DGMXVWHG YDOXH IXQFWLRQ WKDW FRUUHVSRQGV WR WKH VR�FDOOHG FDWFKLQJ�XS
FULWHULRQ� ZH UHIHU WKH UHDGHU WR $SSHQGL[ ( IRU GHWDLOV��� 7KH XQGLVFRXQWHG FDVH

��,Q IDFW� WKH PHWKRG RI YDULDWLRQ RI FRQVWDQWV VKRZV WKDW IRU e ! ��

X�{�  �U e� M{ b a{MbU e VLJQ�{ b a{�
= {

a{

Mz b a{MU eb� Y�z� Gz

LV WKH XQLTXH ERXQGHG VROXWLRQ RI WKH 2'( X�{� b w�{�X��{� U  Y�{� IRU DQ\ JLYHQ FRQWLQXRXV
IXQFWLRQ Y�

��6HH 'XWWD ������ IRU D GLVFXVVLRQ RI XQGLVFRXQWHG GHFLVLRQ FULWHULD LQ D GLVFUHWH WLPH IUDPHZRUN�

��



SURYLGHV D XVHIXO EHQFKPDUN� LQ IDFW� HFRQRPLF LQWXLWLRQ VXJJHVWV WKDW WKH RSWLPDO
H[SHULPHQWDWLRQ VWUDWHJ\ RI DQ DJHQW ZLWK GLVFRXQW UDWH U ! � ZLOO EH VRPHZKHUH CLQ
EHWZHHQ
 WKH WZR H[WUHPHV JLYHQ E\ P\RSLF EHKDYLRXU �FRUUHVSRQGLQJ WR U  ��� RQ
WKH RQH KDQG� DQG WKH EHKDYLRXU RI DQ LQnQLWHO\ SDWLHQW DJHQW �U  ��� RQ WKH RWKHU
KDQG���

� ([SHULPHQWDWLRQ 5HJLPHV

7KH DVVXPSWLRQ WKDW WKH FRQIRXQGLQJ TXDQWLW\ AT OLHV LQ WKH LQWHULRU RI 4P EULQJV ZLWK
LW WZR FRPSOLFDWLRQV� $ nUVW FRPSOLFDWLRQ DULVHV IURP WKH IDFW WKDW LW PLJKW EH RSWLPDO
DW A{ WR FKRRVH AT� $V ZH VDZ DOUHDG\� FKRRVLQJ AT OHDGV WR D FRPSOHWHO\ XQLQIRUPDWLYH
SULFH VLJQDO� PDNHV WKH GLmXVLRQ FRHpFLHQW LQ WKH XSGDWLQJ HTXDWLRQ ��� YDQLVK DQG
WKHUHE\ FDXVHV D VLQJXODULW\ LQ WKH %HOOPDQ HTXDWLRQ DQG WKH UHODWHG 2'(V� 0RUHRYHU�
WKHUH LV D CEUHDN
 LQ WKH 2'( IRU WKH DGMXVWHG YDOXH IXQFWLRQ DORQJ WKH FHQWUDO UD\�
$ VHFRQG FRPSOLFDWLRQ DULVHV IURP WKH IDFW WKDW WKH GLUHFWLRQ RI LQFUHDVLQJ LQIRUPD�

WLYHQHVV RI WKH SULFH VLJQDO LV DPELJXRXV� $VVXPH IRU H[DPSOH WKDW WKH FXUUHQW EHOLHI
LV VOLJKWO\ KLJKHU WKDQ A{� VR WKH P\RSLFDOO\ RSWLPDO TXDQWLW\ LV VOLJKWO\ EHORZ AT� 7KH
WUXH RSWLPXP ZLOO XVXDOO\ LQYROYH VRPH GHYLDWLRQ IURP WKH P\RSLF TXDQWLW\� PRWLYDWHG
E\ WKH GHVLUH WR UHQGHU REVHUYHG SULFHV PRUH LQIRUPDWLYH� DQG QD�rYH LQWXLWLRQ VXJJHVWV
WKDW WKH PRQRSROLVW PLJKW ZLVK WR PRYH IXUWKHU DZD\ IURP AT E\ UHGXFLQJ TXDQWLW\�
+RZHYHU� LW FRXOG DOVR PDNH VHQVH WR LQFUHDVH TXDQWLW\ EH\RQG AT DQG WKXV DFKLHYH D
ZLGHU VSUHDG EHWZHHQ WKH WZR SRVVLEOH SULFH GLVWULEXWLRQV WKHUH�
)RU EHOLHIV FORVH WR WKH ERXQGDULHV RI WKH XQLW LQWHUYDO� RQ WKH RWKHU KDQG� ZH GR

H[SHFW WKH QD�rYH LQWXLWLRQ WR EH ERUQH RXW� 7KXV� ZH H[SHFW RSWLPDO H[SHULPHQWDWLRQ LQ
ERWK GLUHFWLRQV� LQYROYLQJ ERWK TXDQWLW\ H[SDQVLRQ IRU EHOLHIV { FORVH WR �� DQG TXDQWLW\
UHGXFWLRQ IRU EHOLHIV { FORVH WR �� 7KH RSWLPDO SROLF\ DV D IXQFWLRQ RI EHOLHIV ZLOO WKHQ
KDYH WR PRYH GRZQZDUG SDVW AT DV { LQFUHDVHV� 7KLV UDLVHV WKH IROORZLQJ TXHVWLRQ� GRHV
WKH RSWLPDO TXDQWLW\ FKDQJH FRQWLQXRXVO\� RU LV WKHUH D MXPS"
$QVZHULQJ WKLV TXHVWLRQ� ZH VKDOO nUVW FKDUDFWHULVH WKH WZR UHJLPHV RI RSWLPDO H[�

SHULPHQWDWLRQ WKDW FDQ DULVH� ,Q WKH PRGHUDWH H[SHULPHQWDWLRQ UHJLPH� WKH RSWLPDO
SROLF\ VHOHFWV TXDQWLWLHV LQ 4P� WKH UDQJH RI WKH P\RSLF SROLF\� RQO\� DQG LW FKRRVHV AT
DW A{� ,Q WKH H[WUHPH H[SHULPHQWDWLRQ UHJLPH� HDFK RI WKH TXDQWLWLHV TPD[ DQG TPLQ LV
FKRVHQ RQ D VHW RI EHOLHIV RI SRVLWLYH PHDVXUH� LQ SDUWLFXODU� TPD[ RU TPLQ ZLOO EH FKRVHQ
DW A{� DQG WKH RSWLPDO SROLF\ ZLOO H[KLELW D MXPS SDVW AT IURP RQH H[WUHPH TXDQWLW\ WR
WKH RWKHU� 7KHVH UHJLPHV DUH IXUWKHU GLVWLQJXLVKHG E\ WKH VDPSOH SDWK EHKDYLRXU RI
SRVWHULRU EHOLHIV DQG RSWLPDO TXDQWLWLHV� :KLOH H[WUHPH H[SHULPHQWDWLRQ LPSOLHV WKDW
DQ\ SRVWHULRU EHOLHI FDQ EH UHDFKHG ZLWK SRVLWLYH SUREDELOLW\� PRGHUDWH H[SHULPHQWD�
WLRQ UHVWULFWV SRVWHULRU EHOLHIV WR OLH RQ RQH VLGH RI A{ LQ WKH ORQJ UXQ� VR WKH PRQRSROLVW
HQGV XS SURGXFLQJ TXDQWLWLHV IURP RQO\ SDUW RI 4P�
:H ZLOO VKRZ WKDW H[WUHPH H[SHULPHQWDWLRQ DULVHV IRU ORZ YDOXHV RI U� e DQG }�

DQG PRGHUDWH H[SHULPHQWDWLRQ IRU KLJK YDOXHV� 1HDU WKH ERXQGDU\ EHWZHHQ WKH FRU�
UHVSRQGLQJ SDUDPHWHU UHJLRQV� D VPDOO FKDQJH LQ DQ\ RI WKHVH SDUDPHWHUV FDQ WULJJHU

��0RUHRYHU� LW LV ZHOO NQRZQ WKDW WKH XQGLVFRXQWHG FDVH WHQGV WR EH PDWKHPDWLFDOO\ PRUH WUDFWDEOH
WKDQ WKH GLVFRXQWHG FDVH� 6HH IRU LQVWDQFH %ROWRQ DQG +DUULV ������ DQG +DUULV �������

��



D FKDQJH LQ WKH H[SHULPHQWDWLRQ UHJLPH� KHQFH D ODUJH GLVFRQWLQXRXV FKDQJH LQ WKH
PRQRSROLVW
V VWUDWHJ\ DQG WKH UHVXOWLQJ VDPSOH SDWK EHKDYLRXU RI EHOLHIV DQG TXDQWL�
WLHV SURGXFHG� 7KHVH UHVXOWV DUH SDUWLFXODUO\ FOHDU LQ WKH OLPLWLQJ FDVHV ZKHUH DW OHDVW
RQH RI WKH SDUDPHWHUV U DQG e LV ]HUR� 7KH VLPSOH EHQFKPDUN ZKHUH WKH PRQRSROLVW
XVHV WKH FDWFKLQJ�XS FULWHULRQ �U  �� DQG WKH HQYLURQPHQW GRHV QRW FKDQJH �e  ��
DOORZV D FORVHG�IRUP VROXWLRQ IRU WKH RSWLPDO SROLF\� ,Q WKH XQGLVFRXQWHG FDVH ZLWK
VWDWH VZLWFKLQJ �U  � DQG e ! �� ZH ZLOO HVWDEOLVK WKH H[LVWHQFH RI D FULWLFDO VZLWFKLQJ
LQWHQVLW\ ee WKDW VHSDUDWHV PRGHUDWH IURP H[WUHPH H[SHULPHQWDWLRQ� 6LPLODUO\� ZH ZLOO
nQG D FULWLFDO GLVFRXQW UDWH Ue LQ WKH GLVFRXQWHG FDVH ZLWKRXW VWDWH VZLWFKLQJ �U ! �
DQG e  ���
7KURXJKRXW WKLV VHFWLRQ� ZH n[ GHPDQG FXUYH SDUDPHWHUV m�� m�� n� DQG n� VXFK

WKDW WKH FRQIRXQGLQJ TXDQWLW\ AT OLHV LQ WKH LQWHULRU RI 4P� DQ LQYDULDQW EHOLHI a{ �
@�� �> bIA{J LV DOVR KHOG n[HG�

��� 0RGHUDWH YHUVXV ([WUHPH ([SHULPHQWDWLRQ

/HW d EH WKH VHW RI DOO SRVVLEOH FRPELQDWLRQV RI WKH WKUHH SDUDPHWHUV U� e DQG }� WKDW
LV� d  I�U�e� }� � U w ��e w �� } ! �J� /HW �'a{Y��A{� GHQRWH WKH RQH�VLGHG GHULYDWLYH
RI D IXQFWLRQ Y DW A{ LQ WKH GLUHFWLRQ RI a{� DQG �'RY��A{� WKH RQH�VLGHG GHULYDWLYH LQ
WKH RSSRVLWH GLUHFWLRQ� 5HFDOO WKH VWUXFWXUH RI WKH 2'( ���� IRU WKH DGMXVWHG YDOXH
IXQFWLRQ� DQG LQ SDUWLFXODU LWV VSHFLDO FDVH ���� FRUUHVSRQGLQJ WR LQWHULRU VROXWLRQV RI
WKH RSWLPLVDWLRQ SUREOHP LQ WKH %HOOPDQ HTXDWLRQ�

7KHRUHP ��� 7KH SDUDPHWHU VHW d FDQ EH SDUWLWLRQHG LQWR WZR QRQ�HPSW\ VHWV dP

DQG dH VXFK WKDW�

�L� ,I �U�e� }� � dP� WKHQ Ye�A{�  AP� Ye ! P RQ @�� �> bIA{J� Ye LV VWULFWO\ FRQYH[
ZLWK �Ye��� ! � RQ @�� �> bIA{J� DQG �'a{Y

e��A{�  �� )XUWKHUPRUH� Ye LV WKH XQLTXH
VROXWLRQ RI WKH 2'( ���� RQ @�� �> bIA{J VXEMHFW WR Ye�{�  P�{� DW {  �� A{� ��
Ye ! P HYHU\ZKHUH HOVH� DQG �'a{Y

e��A{�  ��

�LL� ,I �U�e� }� � dH� WKHQ Ye ! P RQ WKH ZKROH RI @�� �>� DQG Ye LV WKH XQLTXH GLI�
IHUHQWLDEOH IXQFWLRQ ZKLFK VROYHV WKH 2'( ���� RQ I{ � @�� �> � �{� Ye�{���� 5FJ
VXEMHFW WR WKH FRQGLWLRQV Ye���  P���� Ye���  P��� DQG Ye ! P HYHU\ZKHUH
HOVH�

3URRI� /HW dP EH WKH VHW RI DOO SDUDPHWHU FRPELQDWLRQV LQ d IRU ZKLFK WKH FRUUH�
VSRQGLQJ DGMXVWHG YDOXH IXQFWLRQ VDWLVnHV Ye�A{�  AP� DQG dH WKH VHW RI DOO FRPELQDWLRQV
IRU ZKLFK WKH DGMXVWHG YDOXH IXQFWLRQ VDWLVnHV Ye�A{� ! AP� 6LQFH Ye�A{� w AP IRU DOO SRV�
VLEOH SDUDPHWHUV� WKHVH WZR VHWV WULYLDOO\ SDUWLWLRQ d� :H VKDOO VHH ODWHU WKDW QHLWKHU RI
WKHP LV HPSW\�
)RU Ye�A{�  AP� WKH VWDWHPHQWV RQ FRQYH[LW\ DQG WKH RQH�VLGHG GHULYDWLYH �'a{Y

e��A{�
DUH VKRZQ LQ $SSHQGL[ )� VHH 3URSRVLWLRQ )��� *LYHQ Ye�A{�  AP DQG WKH ERXQGDU\
FRQGLWLRQV� FRQYH[LW\ HQWDLOV �{� Ye�{�� � $LQW�C >$LQW�U IRU DOO { � @�� �> bIA{J� 6HFWLRQV
��� DQG ��� WKHUHIRUH LPSO\ WKDW Ye VROYHV ���� RQ @�� �> bIA{J VXEMHFW WR WKH VWDWHG

��



FRQGLWLRQV� ,I Y LV DQRWKHU VROXWLRQ RI ���� RQ @�� �> bIA{J ZLWK Y�{�  P�{� DW {  
�� A{� � DQG �'a{Y��A{�  �� WKHQ WKH FRQVWUXFWLRQ RI �q��RSWLPDO VWUDWHJLHV LQ WKH SURRI RI
3URSRVLWLRQ ��� EHORZ DQG RXU YHULnFDWLRQ WKHRUHP LPSO\ WKDW Y  Ye� )LQDOO\� LI WKHUH
ZHUH D { � �� A{� � VXFK WKDW Ye�{�  P�{�� WKHQ YebP ZRXOG KDYH D ORFDO PLQLPXP
WKHUH� KHQFH �Ye����{� w P���{� ! �� %XW Ye�{�  P�{� ZRXOG LPSO\ �Xe����{�  � E\
2'( ���� �RU LWV XQGLVFRXQWHG YDULDQW�� KHQFH �Xe��� ZRXOG KDYH D ORFDO PLQLPXP DW {�
7KLV ZRXOG UHTXLUH �Xe�����{�  � DQG� VLQFH �Ye����{� LV D OLQHDU FRPELQDWLRQ RI �Xe����{�
DQG �Xe�����{�� ZH ZRXOG KDYH �Ye����{�  � ^ D FRQWUDGLFWLRQ�
)RU Ye�A{� ! AP� 6HFWLRQV ��� DQG ��� LPSO\ WKDW Ye LV RQFH FRQWLQXRXVO\ GLmHUHQWLDEOH

DQG VROYHV WKH 2'( ���� RQ I{ � @�� �> � �{� Ye�{�� �� 5FJ� *LYHQ DQRWKHU VROXWLRQ Y
ZLWK WKLV SURSHUW\ DQG WKH VDPH ERXQGDU\ FRQGLWLRQV� WKH DUJXPHQWV LQ WKH SURRI RI
3URSRVLWLRQ ��� EHORZ WRJHWKHU ZLWK WKH YHULnFDWLRQ WKHRUHP LPSO\ DJDLQ WKDW Y  Ye�
)LQDOO\� WKH VDPH DUJXPHQW DV DERYH VKRZV Ye ! P IRU DOO EHOLHIV { � �� � ZLWK
�{� Ye�{���� 5F� WKLV LPSOLHV Y

e ! P RQ WKH ZKROH RI @�� �>�

7KH IROORZLQJ WZR SURSRVLWLRQV FKDUDFWHULVH WKH RSWLPDO H[SHULPHQWDWLRQ EHKDYLRXU
LQ VFHQDULRV �L� DQG �LL� RI WKH WKHRUHP� :H VWDUW ZLWK �LL�� ZKLFK LV WKH HDVLHU FDVH�

3URSRVLWLRQ ��� �([WUHPH ([SHULPHQWDWLRQ� ,I Ye�A{� ! AP� WKHQ WKH RSWLPDO SRO�
LF\ IXQFWLRQ SUHVFULEHV HDFK RI WKH H[WUHPH TXDQWLWLHV TPD[ DQG TPLQ RQ D VHW RI EHOLHIV
RI SRVLWLYH PHDVXUH� DQG LV FRQWLQXRXV H[FHSW IRU D MXPS IURP RQH H[WUHPH TXDQWLW\
WR WKH RWKHU DW HDFK EHOLHI { VXFK WKDW �{� Ye�{�� � 5F� 7KH FRUUHVSRQGLQJ SURFHVV RI
SRVWHULRU EHOLHIV LV UHJXODU RQ @�� �>� WKDW LV� VWDUWLQJ IURP DQ\ SRLQW LQ WKLV LQWHUYDO� DQ\
RWKHU SRLQW LQ LW PD\ EH UHDFKHG ZLWK SRVLWLYH SUREDELOLW\�

3URRI� 7KH SROLF\ IXQFWLRQ Te REWDLQHG E\ H[WHQGLQJ 2�{� Ye�{�� FRQWLQXRXVO\ LQWR
{  � DQG � DQG VHOHFWLQJ HLWKHU TPD[ RU TPLQ DW HDFK { ZKHUH �{� Ye�{�� � 5F LV
SLHFHZLVH FRQWLQXRXV ZLWK >Te�{� b AT@� ERXQGHG DZD\ IURP ]HUR� KHQFH DGPLVVLEOH E\
3URSRVLWLRQ $�� DQG RSWLPDO E\ WKH YHULnFDWLRQ WKHRUHP IURP 6HFWLRQ ���� &OHDUO\�
Te�{�  TPD[ RQ D VHW RI SRVLWLYH PHDVXUH� DQG WKH VDPH LV WUXH IRU TPLQ� 7KH IDFW WKDW
>Te�{�b AT@� LV ERXQGHG DZD\ IURP ]HUR DOVR LPSOLHV UHJXODULW\ RI WKH SURFHVV RI SRVWHULRU
EHOLHIV�

)RU SDUDPHWHUV LQ dH� ZH WKXV nQG H[WUHPH H[SHULPHQWDWLRQ LQ WKH VHQVH WKDW
WKH TXDQWLWLHV TPD[ DQG TPLQ DUH RSWLPDO IRU QRQ�QHJOLJLEOH VHWV RI EHOLHIV� 0RUHRYHU�
RSWLPDO TXDQWLWLHV DUH DOZD\V VRPH GLVWDQFH DZD\ IURP WKH FRQIRXQGLQJ TXDQWLW\� VR
WKH LQIRUPDWLRQ FRQWHQW RI WKH SULFH VLJQDO REVHUYHG E\ WKH PRQRSROLVW LV ERXQGHG DZD\
IURP ]HUR� 7KH UHVXOWLQJ SURFHVV RI SRVWHULRU EHOLHIV FDQ WKHUHIRUH UHDFK DQ\ SRLQW LQ
WKH RSHQ XQLW LQWHUYDO ZLWK SRVLWLYH SUREDELOLW\�
$Q H[DPSOH RI H[WUHPH H[SHULPHQWDWLRQ LV VKRZQ LQ )LJXUH � ZKLFK KDV EHHQ FDOFX�

ODWHG IRU U  ��� DQG e  ������� 7KH EROG OLQH LQ WKH XSSHU SDQHO LV WKH JUDSK RI WKH

��,Q WKLV DQG DOO WKH VXEVHTXHQW nJXUHV� WKH GHPDQG FXUYH SDUDPHWHUV DUH m�  ��� n�  � �� m�  ��
DQG n�  � �� LPSO\LQJ T

P���  ��� TP���  ��� AT  �� DQG A{  ���� 7KH UDQJH RI IHDVLEOH TXDQWLWLHV
LV GHnQHG E\ TPLQ  �� � DQG TPD[  ��� WKH QRLVH SDUDPHWHU LV }  �� DQG WKH LQYDULDQW EHOLHI LV
a{  ���� 2QO\ U DQG e YDU\ DFURVV nJXUHV� 7KH DGMXVWHG YDOXH IXQFWLRQ LV FDOFXODWHG DV D QXPHULFDO
VROXWLRQ WR WKH 2'( ���� VXEMHFW WR WKH ERXQGDU\ FRQGLWLRQV Ye���  P��� DQG Ye���  P���� DQG

��



DGMXVWHG YDOXH IXQFWLRQ Ye� WKH WKLQ OLQH WKDW RI WKH P\RSLF SD\�Rm IXQFWLRQ P� DQG WKH
EROG GDVKHG OLQH WKDW RI WKH YDOXH IXQFWLRQ Xe� 7KH XSSHU SDQHO DOVR VKRZV WKH WKUHH
UD\V LQWURGXFHG LQ 6HFWLRQ ���� ,Q WKH ORZHU SDQHO� WKH EROG OLQH LV WKH RSWLPDO SROLF\
IXQFWLRQ Te� ZKLOH WKH WKLQ OLQH LV WKH P\RSLF SROLF\ TP� 7KH DGMXVWHG YDOXH LV VWULFWO\
KLJKHU WKDQ WKH P\RSLF SD\�Rm DW DOO QRQ�GHJHQHUDWH EHOLHIV� DQG DV Ye FURVVHV HDFK UD\
LQ WXUQ� Te nUVW UHDFKHV TPD[� WKHQ MXPSV WR TPLQ� DQG nQDOO\ PRYHV DZD\ IURP TPLQ�
7KH FRUUHVSRQGLQJ VDPSOH SDWK EHKDYLRXU LV LOOXVWUDWHG LQ )LJXUH �� 7KH XSSHU

SDQHO VKRZV WKH HYROXWLRQ RI WKH DJHQW
V EHOLHI VWDUWLQJ IURP WKH SULRU {�  ����� WKH
ORZHU SDQHO WKH DVVRFLDWHG TXDQWLWLHV� 7KH EROG GDVKHG OLQH LQ HLWKHU SDQHO UHSUHVHQWV
WKH WUXH VWDWH� WKH LQLWLDO VWDWH EHLQJ N�  �� %\ WKH WLPH RI WKH nUVW VWDWH FKDQJH� WKH
DJHQW
V EHOLHI KDV SUHGRPLQDQWO\ EHHQ EHWZHHQ � DQG ���� $IWHU WKH VWDWH FKDQJH� WKH
EHOLHI PRYHV UHODWLYHO\ TXLFNO\ LQ WKH GLUHFWLRQ RI WKH QHZ VWDWH DQG HYHQWXDOO\ UHDFKHV
A{� 7KLV VWDUWV D SKDVH RI LQWHQVH H[SHULPHQWDWLRQ ZLWK IUHTXHQW MXPSV EHWZHHQ TPD[

DQG TPLQ� $W WKH HQG RI WKLV SKDVH� WKH EHOLHI OHDYHV WKH QHLJKERXUKRRG RI A{ WR PRYH
FORVHU WR WKH WUXH VWDWH� 7KLV SDWWHUQ LV UHSHDWHG HDFK WLPH WKH VWDWH VZLWFKHV� DQG WKH
WUXH VWDWH LV WUDFNHG TXLWH ZHOO�
1H[W� ZH WXUQ WR FDVH �L� RI 7KHRUHP ���� Ye�A{�  AP� 7KLV FDVH LV PRUH FRPSOLFDWHG

VLQFH LW LQYROYHV WKH CVLQJXODULW\
 DW �A{� AP� RI WKH 2'( IRU Ye� :H IRUPXODWH WKH QH[W
UHVXOW IRU e ! �� ZH VKDOO REWDLQ WKH DQDORJRXV UHVXOW IRU e  � ODWHU� LQ 6HFWLRQ ����

3URSRVLWLRQ ��� �0RGHUDWH ([SHULPHQWDWLRQ� /HW e ! � DQG Ye�A{�  AP� 7KHQ
WKH RSWLPDO SROLF\ DVVXPHV YDOXHV LQ 4P RQO\ DQG VHOHFWV AT DW A{� :LWK SUREDELOLW\ RQH�
WKH UHVXOWLQJ SURFHVV RI SRVWHULRU EHOLHIV LV FRQnQHG WR RQH RI WKH VXELQWHUYDOV @�� A{> RU
@A{� �> LQ WKH ORQJ UXQ� DQG WKH PRQRSROLVW HQGV XS FKRRVLQJ TXDQWLWLHV LQ HLWKHU @AT� TP���>
RU @TP���� AT> RQO\�

0RUH SUHFLVHO\� WKH SURRI ZLOO VKRZ WKDW WKH RSWLPDO SROLF\ IXQFWLRQ LV GLmHUHQWLDEOH LI
Ye LV GLmHUHQWLDEOH DW A{� ZKLOH LW KDV D VLQJOH MXPS DW A{ LI Ye KDV D NLQN�

3URRI� )RU { � @�� �> bIA{J� ZH KDYH �{� Ye�{�� � $LQW�C > $LQW�U E\ FRQYH[LW\ RI Y
e

DQG KHQFH

2�{� Ye�{��  TP�{� �
Ye�{�bP�{�

P�{�b AP
>TP�{�b AT@  AT � Ye�{�b AP

P�{�b AP
>TP�{�b AT@

IURP ����� 6WULFW FRQYH[LW\ RI Ye DOVR LPSOLHV WKDW Ye � PC RQ @�� A{> DQG Ye � PU RQ
@A{� �> ZLWKPC DQGPU EHLQJ WKH IXQFWLRQV ZKRVH JUDSKV DUH WKH VWUDLJKW OLQHV MRLQLQJ WKH
SRLQW �A{� AP� ZLWK WKH SRLQWV ��� P���� DQG ��� P����� UHVSHFWLYHO\� ,W LV VWUDLJKWIRUZDUG
WR YHULI\ WKDW 2�{�PC�{��  TP��� RQ @�� A{> DQG 2�{�PU�{��  TP��� RQ @A{� �>� 6LQFH
Ye ! P RQ @�� �>� ZH FRQFOXGH WKDW TP�{� � 2�{� Ye�{�� � TP��� RQ @�� A{> DQG TP�{� !
2�{� Ye�{�� ! TP��� RQ @A{� �>� ,Q SDUWLFXODU� 2�{� Ye�{�� DVVXPHV YDOXHV LQ 4P RQO\�
6WUDLJKWIRUZDUG DOJHEUD VKRZV WKDW

2�{� Ye�{��  AT b �

cm

Ye�{�b AP

{ b A{ �

RSWLPDO TXDQWLWLHV DUH WKHQ GHWHUPLQHG WKURXJK WKH RSWLPDO SROLF\ FRUUHVSRQGHQFH� 'HWDLOV RI WKH
QXPHULFDO SURFHGXUH DUH UHSRUWHG LQ $SSHQGL[ +�

��



VR 2�{� Ye�{��� AT DV { � A{h Lm �'hY
e��A{�  ��

,I �Ye���A{�  �� 2�{� Ye�{�� FDQ WKHUHIRUH EH H[WHQGHG WR D FRQWLQXRXV SROLF\ IXQF�
WLRQ Te � >�� �@� 4P ZLWK Te�A{�  AT� ,Q IDFW� WKH SROLF\ LV GLmHUHQWLDEOH ZLWK ERXQGHG
GHULYDWLYH� KHQFH /LSVFKLW] FRQWLQXRXV� 7KLV LV REYLRXV IRU EHOLHIV GLmHUHQW IURP A{�
GLmHUHQWLDELOLW\ DW A{ IROORZV IURP WKH UHSUHVHQWDWLRQ

Te�{�b AT
{ b A{  

Ye�{�b AP

P�{�b AP

TP�{�b AT
{ b A{

DQG WKH IDFW WKDW WKH UDWLR >Ye�{� b AP@ >P�{� b AP@ WHQGV WR D nQLWH OLPLW DV { � A{
�VHH 3URSRVLWLRQ )���� 7KH SROLF\ Te LV DGPLVVLEOH E\ 3URSRVLWLRQ $��� KHQFH RSWLPDO
E\ WKH YHULnFDWLRQ WKHRUHP IURP 6HFWLRQ ���� 7XUQLQJ WR WKH EHOLHI SURFHVV UHVXOWLQJ
IURP WKLV SROLF\� OHW XV DVVXPH a{ ! A{ IRU FRQFUHWHQHVV� 6WDUWLQJ IURP D SULRU EHOLHI
{� LQ WKH VXELQWHUYDO >A{� �@� DOO SRVWHULRU EHOLHIV {W ZLOO UHPDLQ LQ WKH RSHQ VXELQWHUYDO
@A{� �> EHFDXVH WKH LQHTXDOLW\ w�A{� ! � PDNHV WKH EHOLHI A{ DQ HQWUDQFH ERXQGDU\� �6LQFH
w��� � � IRU a{ � �� WKH ULJKW ERXQGDU\ RI WKH XQLW LQWHUYDO LV DOZD\V DQ HQWUDQFH
ERXQGDU\�� ,I {� � A{� RQ WKH RWKHU KDQG� WKH SURFHVV RI EHOLHIV ZLOO� ZLWK SUREDELOLW\
RQH� UHDFK A{ LQ nQLWH WLPH DQG WKHQ PRYH LQWR WKH VXELQWHUYDO @A{� �>�
1H[W� VXSSRVH WKDW Ye KDV D NLQN DW A{� 7R EH FRQFUHWH� ZH DVVXPH DJDLQ WKDW a{ ! A{�

VR �'bY
e��A{� � � DQG �'�Y

e��A{�  �� /HW Te EH WKH SROLF\ IXQFWLRQ REWDLQHG E\
H[WHQGLQJ 2�{� Ye�{�� FRQWLQXRXVO\ LQWR {  � DQG � DQG VHWWLQJ Te�A{�  AT� DJDLQ� WKLV
IXQFWLRQ WDNHV YDOXHV LQ 4P RQO\� %\ 3URSRVLWLRQ )��� WKH UDWLR >Ye�{�b AP@ >P�{�b AP@
WHQGV WR D nQLWH OLPLW DV { � A{�� $V DERYH� WKLV LPSOLHV WKDW WKH UHVWULFWLRQ RI
WKH SROLF\ IXQFWLRQ Te WR WKH LQWHUYDO >A{� �@ LV /LSVFKLW] FRQWLQXRXV� KHQFH DGPLVVLEOH�
0RUHRYHU� LI WKH SULRU EHOLHI {� OLHV LQ WKLV VXELQWHUYDO DQG WKH PRQRSROLVW XVHV WKH
SROLF\ Te� WKHQ DOO SRVWHULRU EHOLHIV {W ZLOO UHPDLQ LQ @A{� �> E\ WKH VDPH DUJXPHQW DV
DERYH� %\ WKH YHULnFDWLRQ WKHRUHP� WKH SROLF\ Te LV WKXV RSWLPDO IRU DOO SULRU EHOLHIV
{� w A{�
)URP WKH DERYH H[SUHVVLRQ IRU 2�{� Ye�{��� ZH VHH WKDW Te DSSURDFKHV WKH OLPLW

Te�A{b�  AT b �

cm
�'bY

e��A{� � @AT� TP���@

IURP WKH OHIW RI A{� 2Q WKH VXELQWHUYDO >�� A{>� WKH IXQFWLRQ Te LV �ORFDOO\� /LSVFKLW]
FRQWLQXRXV� VR WKH H[LVWHQFH UHVXOW XQGHUO\LQJ 3URSRVLWLRQ $�� LPSOLHV WKDW� VWDUWLQJ
IURP DQ\ SULRU EHOLHI {� � A{� WKH SROLF\ Te JHQHUDWHV D XQLTXH VWRFKDVWLF SURFHVV RI
EHOLHIV XS WR WKH nUVW WLPH A{ LV UHDFKHG� ZLWK SUREDELOLW\ RQH� WKLV KDSSHQV LQ nQLWH
WLPH� )URP WKHQ RQ� WKH SURFHVV RI EHOLHIV LV XQLTXHO\ GHWHUPLQHG E\ WKH UHVWULFWLRQ
RI Te WR >A{� �@� 7KLV HVWDEOLVKHV DGPLVVLELOLW\ RI WKH SROLF\ Te RQ WKH ZKROH RI WKH XQLW
LQWHUYDO��� DQG RSWLPDOLW\ IROORZV IURP WKH YHULnFDWLRQ WKHRUHP�

��7KH WHFKQLFDO GHWDLOV UHTXLUHG WR PDNH WKLV DUJXPHQW IXOO\ ULJRURXV DUH EH\RQG WKH VFRSH RI WKLV
SDSHU� 2QH FDQ DYRLG WKHVH FRPSOLFDWLRQV DOWRJHWKHU ZLWKRXW DmHFWLQJ WKH PDLQ UHVXOWV E\ FRQVWUXFWLQJ
q�RSWLPDO SROLFLHV� *LYHQ DQ DUELWUDU\ q ! �� GHnQH p  q �� �PD[T�4P >T b AT@��� 6LQFH �'bY

e��A{� �
�� ~�{��Xe����{� ��U� FRQYHUJHV WR n�A{� DV { � A{b� �:H RQO\ GHDO ZLWK WKH FDVH U ! � KHUH� D
VLPLODU DUJXPHQW FDQ EH JLYHQ IRU WKH XQGLVFRXQWHG FDVH�� 1H[W� WKH FRQWLQXLW\ RI Ye LPSOLHV WKDW
5�{� T�b Ye�{� FRQYHUJHV WR bn�A{�>T b AT@� DV { � A{� DQG WKLV FRQYHUJHQFH LV XQLIRUP LQ T � 4P� 6R

��



7KH SURSRVLWLRQ VKRZV WKDW RSWLPDO H[SHULPHQWDWLRQ LV PRGHUDWH IRU SDUDPHWHUV LQ
dP� PHDQLQJ WKDW WKH PRQRSROLVW UHVWULFWV KLPVHOI WR TXDQWLWLHV LQ 4P� 7KH RSWLPDO
SROLF\ IXQFWLRQ DSSURDFKHV WKH FRQIRXQGLQJ TXDQWLW\ IURP DW OHDVW RQH VLGH RI A{� WKH
VLGH ZKHUH a{ OLHV� ,Q D FKDQJLQJ HQYLURQPHQW� WKLV LPSOLHV WKDW VWDUWLQJ IURP DQ\ SULRU
EHOLHI O\LQJ RQ WKH VDPH VLGH RI A{ DV a{� WKH SURFHVV RI SRVWHULRU EHOLHIV ZLOO VWD\ RQ WKLV
VLGH IRUHYHU� VWDUWLQJ IURP D SULRU EHOLHI RQ WKH RWKHU VLGH RI A{� WKH SURFHVV RI SRVWHULRU
EHOLHIV ZLOO FURVV A{ DOPRVW VXUHO\ LQ nQLWH WLPH DQG WKHQ EH FRQnQHG WR WKH VLGH ZKHUH
a{ OLHV� (YHQWXDOO\� WKH PRQRSROLVW
V EHOLHIV ZLOO WKXV EH CWUDSSHG
 RQ RQH VLGH RI A{�
DOWKRXJK KH NQRZV WKDW WKH VWDWH RI GHPDQG ZLOO FRQWLQXH WR VZLWFK IURP WLPH WR WLPH�
7KLV UHVXOW LV WKH DQDORJXH� LQ D FKDQJLQJ HQYLURQPHQW� RI WKH SRVVLELOLW\ RI FHVVDWLRQ RI
OHDUQLQJ LQ DQ XQFKDQJLQJ HQYLURQPHQW DV LGHQWLnHG E\ 5RWKVFKLOG ������� 0F/HQQDQ
������� (DVOH\ DQG .LHIHU ������� $JKLRQ� %ROWRQ� +DUULV DQG -XOOLHQ ������ DQG RWKHUV�
FI� RXU GLVFXVVLRQ RI WKH FDVH e  � EHORZ�

)LJXUH � VKRZV DQ H[DPSOH RI PRGHUDWH H[SHULPHQWDWLRQ� FDOFXODWHG IRU U  ��� DQG
e  ���� $JDLQ� WKH EROG OLQH LQ WKH XSSHU SDQHO LV WKH DGMXVWHG YDOXH IXQFWLRQ Ye� WKH
WKLQ OLQH WKH P\RSLF SD\�Rm IXQFWLRQ P� DQG WKH EROG GDVKHG OLQH WKH YDOXH IXQFWLRQ
Xe� ,Q WKH ORZHU SDQHO� WKH EROG OLQH LV WKH RSWLPDO SROLF\ IXQFWLRQ Te� DQG WKH WKLQ OLQH
WKH P\RSLF SROLF\ TP� 7KH DGMXVWHG YDOXH IXQFWLRQ Ye WRXFKHV WKH P\RSLF SD\�Rm DW
LWV ORZHVW SRLQW� &RQVHTXHQWO\� WKH RSWLPDO SROLF\ Te QHYHU VHOHFWV TXDQWLWLHV RXWVLGH
WKH UDQJH RI WKH P\RSLF SROLF\� VSDQQHG E\ TP���  �� DQG TP���  ��� )XUWKHUPRUH�
LW DSSHDUV WKDW Ye LV GLmHUHQWLDEOH DW A{  ���� DQG Te PRYHV VPRRWKO\ WKURXJK AT  ���

)LJXUH � LOOXVWUDWHV WKH FRUUHVSRQGLQJ VDPSOH SDWK EHKDYLRXU� 7KH XSSHU SDQHO
VKRZV KRZ WKH EHOLHI SURFHVV LV WUDSSHG DIWHU LWV WUDQVLW WKURXJK A{� LQ SDUWLFXODU� WKH
WUXH VWDWH �DJDLQ UHSUHVHQWHG E\ D EROG GDVKHG OLQH� LV WUDFNHG SRRUO\� $V D FRQVHTXHQFH�
WKH UHVXOWLQJ SDWK RI RSWLPDO TXDQWLWLHV LQ WKH ORZHU SDQHO UHPDLQV LQ WKH UDQJH IURP
TP���  �� WR AT  �� DIWHU LWV nUVW SDVVDJH WKURXJK WKH FRQIRXQGLQJ TXDQWLW\�

7KH PRGHUDWH H[SHULPHQWDWLRQ VFHQDULR ZKHUH Ye KDV D NLQN DW A{ LV SDUWLFXODUO\
LQWHUHVWLQJ��� ,I a{ ! A{� VD\� DQG �'bY

e��A{� ! �� WKH RSWLPDO SROLF\ DSSURDFKHV D OLPLW
GLmHUHQW IURP AT DV { � {b� VHH WKH SURRI RI 3URSRVLWLRQ ���� 7KLV LV GXH WR WKH IDFW WKDW
WR WKH OHIW RI A{� �Ye�� LV ERXQGHG DZD\ IURP ]HUR� VR �Xe��� LV UHODWLYHO\ KLJK� LPSO\LQJ D
KLJK YDOXH RI LQIRUPDWLRQ� ,QWXLWLYHO\� ZH FDQ LQWHUSUHW WKLV DV IROORZV� :LWK D SRVWHULRU
EHOLHI VOLJKWO\ WR WKH OHIW RI A{� WKH DJHQW DQWLFLSDWHV WKDW RQFH KLV EHOLHI FURVVHV A{� KH
ZLOO QRW nQG LW SURnWDEOH WR H[SHULPHQW LQ D ZD\ WKDW ZRXOG DOORZ KLV EHOLHI WR FURVV A{
IURP WKH ULJKW WR WKH OHIW DJDLQ� 7KHUHIRUH� KH H[SHULPHQWV UHODWLYHO\ VWURQJO\ VR DV WR

ZH FDQ nQG | ! � VXFK WKDW ~ �{��Xe����{� ��U� w n�A{� b p DQG 5�{� T� b Ye�{� w bn�A{�>T b AT@� b p
IRU DOO { � >A{ b |� A{@ DQG DOO T � 4P� 7KH /LSVFKLW] FRQWLQXRXV �KHQFH DGPLVVLEOH� SROLF\ IXQFWLRQ
Tq � >�� �@ � 4P ZKLFK FRLQFLGHV ZLWK Te RQ >�� A{ b |@ > >A{� �@ DQG ZKRVH JUDSK MRLQV WKH SRLQWV
�A{ b |� Te�A{ b |�� DQG �A{� AT� E\ D VWUDLJKW OLQH VDWLVnHV

~ �{�
�Xe����{�

�U
>Tq�{�b AT@� �5�{� Tq�{��b Ye�{� w bq

RQ >A{ b |� A{@� KHQFH LV q�RSWLPDO E\ 3URSRVLWLRQ &��� 7KH UHVXOWLQJ ORQJ�UXQ EHKDYLRXU RI EHOLHIV DQG
DFWLRQV LV DV LQ WKH SURSRVLWLRQ�
��1RWH WKDW WKLV LV WKH RQO\ FDVH ZKHUH WKH YDOXH IXQFWLRQ Xe IDLOV WR EH WZLFH FRQWLQXRXVO\ GLmHUHQ�

WLDEOH RQ WKH ZKROH RI @�� �>�

��



JLYH KLV EHOLHI D FKDQFH WR DYRLG WKH WUDS IRU QRZ DQG PRYH DZD\ IURP A{ WR WKH OHIW�
VKRXOG WKH FXUUHQW WUXH VWDWH EH N  ��
7KH DERYH UHVXOWV VKRZ WKDW WKH RSWLPDO H[SHULPHQWDWLRQ EHKDYLRXU GHSHQGV TXDO�

LWDWLYHO\ RQ WKH SDUDPHWHUV U� e DQG }� DQG WKH WZR UHJLPHV RI H[SHULPHQWDWLRQ OHDG WR
PDUNHGO\ GLmHUHQW EHKDYLRXU RI EHOLHIV LQ WKH ORQJ UXQ� 7KHVH UHVXOWV DOVR LPSO\ WKDW
D VPDOO FKDQJH LQ RQH RI WKH SDUDPHWHUV U� e DQG } FDQ WULJJHU D ODUJH GLVFRQWLQXRXV
FKDQJH LQ WKH PRQRSROLVW
V VWUDWHJ\ DQG WKH UHVXOWLQJ VWUHDP RI TXDQWLWLHV WKDW KH SUR�
GXFHV� :H ZLOO VHH WKLV SDUWLFXODUO\ FOHDUO\ LQ WKH VSHFLDO FDVHV ZKLFK ZH VWXG\ EHORZ�
)LQDOO\� QRWH WKDW WKH PRUH YDULDEOH WKH HQYLURQPHQW� WKH OHVV YDULDEOH DUH WKH DJHQW
V
DFWLRQV� DQG YLFH YHUVD�

��� 6XpFLHQW &RQGLWLRQV DQG &ULWLFDO 3DUDPHWHU 9DOXHV

:H ZRXOG QDWXUDOO\ H[SHFW PRGHUDWH H[SHULPHQWDWLRQ IRU KLJK YDOXHV RI U� e DQG }�
DQG H[WUHPH H[SHULPHQWDWLRQ IRU ORZ YDOXHV� ,Q IDFW� KLJK YDOXHV RI WKHVH SDUDPHWHUV
DUH ERXQG WR UHGXFH WKH YDOXH RI LQIRUPDWLRQ VR PXFK WKDW WKH PRQRSROLVW UDWLRQDOO\
DVVHVVHV WKH ORVV LQ FXUUHQW UHYHQXH IURP H[SHULPHQWLQJ VWURQJO\ QHDU A{ WR EH KLJKHU
WKDQ WKH ORVV LQ IXWXUH UHYHQXHV UHVXOWLQJ IURP VRPHWLPHV EHLQJ WUDSSHG RQ WKH CZURQJ

VLGH RI A{� %HIRUH IRUPXODWLQJ D UHVXOW WR WKLV HmHFW� ZH nUVW ZDQW WR SRLQW RXW WKDW
WKH FKRLFH RI WKH LQWHUYDO 4 RI IHDVLEOH TXDQWLWLHV LV LUUHOHYDQW IRU WKH SDUWLWLRQ RI WKH
SDUDPHWHU VHW d LQWR dP DQG dH� 7KLV LV D GLUHFW FRUROODU\ RI 7KHRUHP ����

&RUROODU\ ��� *LYHQ D SDUDPHWHU FRPELQDWLRQ �U�e� }�� H[SHULPHQWDWLRQ LV PRGHUDWH
�H[WUHPH� IRU VRPH 4 u 4P LI DQG RQO\ LI LW LV PRGHUDWH �H[WUHPH� IRU DOO 4 u 4P�

3URRI� 7KLV IROORZV LPPHGLDWHO\ IURP WKH IDFW WKDW LI Ye�A{�  AP� WKHQ Ye LV FKDU�
DFWHULVHG E\ WKH 2'( ���� ZKLFK GRHV QRW GHSHQG RQ WKH TXDQWLWLHV TPD[ DQG TPLQ DV
ORQJ DV 4  >TPLQ� TPD[@ u 4P�

:H DUH WKHUHIRUH IUHH WR FKRRVH WKH LQWHUYDO 4 LQ D FRQYHQLHQW ZD\ ZKHQ ZH ORRN IRU
VXpFLHQW FRQGLWLRQV IRU HLWKHU W\SH RI H[SHULPHQWDWLRQ� 7KLV LV H[SORLWHG LQ WKH SURRI
RI WKH IROORZLQJ UHVXOW�

3URSRVLWLRQ ��� 7KHUH DUH SRVLWLYH FRQVWDQWV oP w oH DQG �P w �H VXFK WKDW RSWLPDO
H[SHULPHQWDWLRQ LV PRGHUDWH ZLWK D GLmHUHQWLDEOH SROLF\ IXQFWLRQ IRU DOO U w �� e w �
DQG } ! � VDWLVI\LQJ

U

�P
�
e

oP
w �

}�
�

DQG H[WUHPH IRU DOO U w �� e w � DQG } ! � VDWLVI\LQJ

U

�H
�
e

oH
�
�

}�
�

3URRI� %\ 3URSRVLWLRQ *��� WKHUH DUH SRVLWLYH FRQVWDQWV F� DQG F� VXFK WKDW IRU DOO
U w �� e w � DQG } ! � VDWLVI\LQJ U � F�e w F� }

�� WKHUH H[LVWV D FRQWLQXRXV IXQFWLRQ

��



Y � >�� �@ � ,5 ZKLFK VROYHV ���� RQ @�� �> bIA{J ZLWK Y�{�  P�{� DW {  �� A{� ��
Y ! P HYHU\ZKHUH HOVH� DQG Yb AP � � �Pb AP� LQ D QHLJKERXUKRRG RI A{� ,Q SDUWLFXODU�
Y LV GLmHUHQWLDEOH DW A{ ZLWK Y��A{�  �� 7KH XQLTXHQHVV SDUW RI 7KHRUHP ��� �L� LPSOLHV
Y  Ye� ([SHULPHQWDWLRQ LV WKHUHIRUH PRGHUDWH ZLWK D FRQWLQXRXV RSWLPDO SROLF\ IRU
DOO WKHVH SDUDPHWHU FRPELQDWLRQV� :H FDQ WKXV VHW �P  F� DQG oP  F� F��
7XUQLQJ WR H[WUHPH H[SHULPHQWDWLRQ� ZH DVVXPH ZLWKRXW ORVV RI JHQHUDOLW\ WKDW

TF  AT� ZKHUH TF LV WKH PLGSRLQW RI WKH LQWHUYDO 4� 7KLV PDNHV WKH FHQWUDO UD\ 5F

YHUWLFDO DQG VLPSOLnHV WKH FRQVWUXFWLRQ RI VROXWLRQV WR WKH 2'( ���� YLD WKH WHFKQLTXHV
RI $SSHQGL[ *� ,Q IDFW� 3URSRVLWLRQ *�� VKRZV WKDW WKHUH DUH SRVLWLYH FRQVWDQWV F��
F� DQG F� VXFK WKDW IRU DOO U w �� e w � DQG } ! � VDWLVI\LQJ F�U � F�e � F� }

��
WKHUH H[LVWV D FRQWLQXRXV IXQFWLRQ Y � >�� �@ � ,5 ZLWK WKH IROORZLQJ SURSHUWLHV� Y LV
RQFH FRQWLQXRXVO\ GLmHUHQWLDEOH DQG VDWLVnHV P � Y � P RQ @�� �>� Y���  P��� DQG
Y���  P���� DQG Y VROYHV ���� RQ @�� �> bIA{J� %\ WKH XQLTXHQHVV SDUW RI 7KHRUHP ���
�LL�� ZH KDYH Y  Ye� VR H[SHULPHQWDWLRQ LV H[WUHPH IRU WKHVH SDUDPHWHU FRPELQDWLRQV�
DQG ZH FDQ WDNH �H  F� F� DQG oH  F� F��

1RWH WKDW WKH FRQVWUXFWLYH DSSURDFK XVHG LQ WKH SURRI �EDVHG RQ 3URSRVLWLRQV *��
DQG *��� \LHOGV H[SOLFLW IRUPXODH IRU FRQVWDQWV oP� �P� oH DQG �H ZLWK WKH DERYH
SURSHUWLHV� 7KH SURRI DOVR VKRZV WKDW XQGHU WKH VWDWHG FRQGLWLRQ IRU PRGHUDWH H[SHU�
LPHQWDWLRQ� WKH DGMXVWHG YDOXH IXQFWLRQ LV DOZD\V GLmHUHQWLDEOH DW A{� ,Q SDUWLFXODU� D
NLQN LQ Ye FDQ RQO\ RFFXU LQ DQ CLQWHUPHGLDWH
 UDQJH RI SDUDPHWHU FRPELQDWLRQV�
8VLQJ WKH IDFW WKDW Ye LV VWULFWO\ FRQYH[ ZKHQHYHU Ye�A{�  AP� ZH FDQ GHULYH D PRUH

SUHFLVH FKDUDFWHULVDWLRQ RI WKH ERXQGDU\ EHWZHHQ WKH SDUDPHWHU UHJLRQV DVVRFLDWHG ZLWK
PRGHUDWH DQG H[WUHPH H[SHULPHQWDWLRQ� %HIRUH IRUPXODWLQJ WKLV UHVXOW� ZH QRWH IURP
WKH 2'( ���� WKDW Ye GHSHQGV RQ U� e DQG } RQO\ WKURXJK WKH WZR SURGXFWV �  U}� DQG
o  e}�� 7KLV UHGXFHV WKH SDUDPHWHU VSDFH HmHFWLYHO\ WR WKH QRQ�QHJDWLYH RUWKDQW ,5�

��
ZKLFK VSOLWV LQWR D UHJLRQ RI PRGHUDWH H[SHULPHQWDWLRQ� .P  I�U }��e}�� � �U�e� }� �
dPJ� DQG D UHJLRQ RI H[WUHPH H[SHULPHQWDWLRQ� .H  I�U }��e}�� � �U�e� }� � dHJ� $V
WKH IROORZLQJ UHVXOW VKRZV� WKH ERXQGDU\ EHWZHHQ WKHVH WZR VHWV FXWV HDFK UD\ WKURXJK
WKH RULJLQ LQ D VLQJOH SRLQW� 7KXV� ZH FDQ CWUDFH
 WKLV ERXQGDU\ E\ YDU\LQJ WKH VORSH
RI WKH UD\�

3URSRVLWLRQ ��� /HW 5 EH D UD\ LQ ,5�
� HPDQDWLQJ IURP WKH RULJLQ ��� ��� 7KHQ� WKHUH

LV D XQLTXH SRLQW ��\� o\� � 5 b I��� ��J VXFK WKDW H[SHULPHQWDWLRQ LV H[WUHPH IRU DOO
��� o� � 5 ZLWK ��� o� � ��\� o\�� DQG PRGHUDWH IRU DOO ��� o� � 5 ZLWK ��� o� w ��\� o\��

3URRI� )L[LQJ D SRLQW ���� o�� � 5b I��� ��J� ZH FDQ SDUDPHWHULVH WKH UD\ 5 E\ WKH
PDSSLQJ x�� �x��� xo�� ZKHUH x w �� :H ZULWH Ye>x@ IRU WKH DGMXVWHG YDOXH IXQFWLRQ
DVVRFLDWHG ZLWK WKH SDUDPHWHUV �x��� xo��� 'HnQH 0  Ix w � � Ye>x@�A{�  APJ DQG
x\  LQI0 � %\ 3URSRVLWLRQ ���� 0 LV QRQ�HPSW\� DQG x\ LV nQLWH DQG SRVLWLYH� %\
3URSRVLWLRQ )��� Ye>x@ LV VWULFWO\ FRQYH[ IRU DOO x �0 � VR ZH FDQ UHSOLFDWH WKH FRPSDU�
DWLYH VWDWLFV DUJXPHQW LQ WKH SURRI RI 7KHRUHP ��� EHORZ WR FRQFOXGH WKDW LI x � 0
DQG x� ! x� WKHQ x� �0 � &RPELQHG ZLWK D VWDQGDUG FRQWLQXLW\ DUJXPHQW� WKLV VKRZV
WKDW 0  >x\��>�

��



:H KDYH WKH IROORZLQJ WZR FRUROODULHV WR WKH DERYH SURSRVLWLRQ IRU WKH OLPLWLQJ FDVHV
ZKHUH HLWKHU e RU U LV ]HUR� *LYHQ }� ZH nQG WKUHVKROGV Ue ! � �ZKHQ e  �� DQG
ee ! � �ZKHQ U  �� ZKLFK VHSDUDWH H[WUHPH IURP PRGHUDWH H[SHULPHQWDWLRQ� 7KLV
LOOXVWUDWHV RQFH PRUH WKDW D VPDOO FKDQJH LQ WKH GLVFRXQW UDWH RU LQ WKH YDULDELOLW\ RI
WKH HQYLURQPHQW FDQ WULJJHU D GLVFRQWLQXRXV TXDOLWDWLYH FKDQJH LQ RSWLPDO EHKDYLRXU�

&RUROODU\ ��� /HW e  �� 7KHQ WKHUH H[LVWV D XQLTXH UHDO QXPEHU �e ! � VXFK WKDW
RSWLPDO H[SHULPHQWDWLRQ LV H[WUHPH LI U � �e }�� DQG PRGHUDWH LI U w �e }��

3URRI� $SSO\ 3URSRVLWLRQ ��� WR WKH UD\ ,5� d I�J LQ ,5�
��

&RUROODU\ ��� /HW U  �� 7KHQ WKHUH LV D XQLTXH UHDO QXPEHU oe ! � VXFK WKDW RSWLPDO
H[SHULPHQWDWLRQ LV H[WUHPH LI e � oe }�� DQG PRGHUDWH LI e w oe }��

3URRI� $SSO\ 3URSRVLWLRQ ��� WR WKH UD\ I�J d ,5� LQ ,5�
��

:H PHQWLRQHG DERYH WKDW �P� �H� oP DQG oH DV LQ 3URSRVLWLRQ ��� FDQ EH FDOFXODWHG
H[SOLFLWO\� 7KLV \LHOGV H[SOLFLW XSSHU DQG ORZHU ERXQGV IRU HDFK RI �e DQG oe�
7KXV WKH ERXQGDU\ EHWZHHQ WKH WZR H[SHULPHQWDWLRQ UHJLPHV OLQNV �e RQ WKH U}��

D[LV ZLWK oe RQ WKH e}��D[LV� DQG OLHV EHWZHHQ WKH OLQHV U �H � e oH  � }� DQG
U �P � e oP  � }

�� )XUWKHUPRUH� JLYHQ DQ\ SRLQW ��\� o\� RQ WKH ERXQGDU\� WKH VHW

RI SRLQWV
Q
��� o� � � w x�\� o  xo\� x w �

R
OLHV ZLWKLQ .P �FI� WKH FRPSDUDWLYH VWDWLFV

UHVXOWV LQ 7KHRUHP ��� EHORZ��
1RWH WKDW ZLWKLQ WKH /�VKDSHG UHJLRQ I��� o� � � � �e RU o � oeJ WKHUH LV D SRWHQWLDO

WUDGH�Rm EHWZHHQ WKH GLVFRXQW UDWH DQG WKH VZLWFKLQJ LQWHQVLWLHV� JLYHQ D QRLVH LQWHQVLW\
}� IRU DQ\ U � �e }�� PRGHUDWH H[SHULPHQWDWLRQ FDQ EH DYRLGHG E\ e EHLQJ VXpFLHQWO\
ORZ� DQG VLPLODUO\� IRU DQ\ e � oe }�� PRGHUDWH H[SHULPHQWDWLRQ FDQ EH DYRLGHG E\ U
EHLQJ VXpFLHQWO\ ORZ�

��� 1R 6WDWH 6ZLWFKLQJ �U ! �� e  ��

7KH GLVFRXQWHG FDVH ZLWK e  � LV VLPSOH VLQFH ZH GR QRW KDYH WR PDNH WKH WUDQVIRU�
PDWLRQ IURP Xe WR Ye� EXW FDQ ZRUN ZLWK Xe LWVHOI� 2XU QH[W UHVXOW SURYLGHV D GHWDLOHG
FKDUDFWHULVDWLRQ RI WKH RSWLPDO H[SHULPHQWDWLRQ EHKDYLRXU�

3URSRVLWLRQ ��� /HW e  ��
,Q WKH FDVH RI H[WUHPH H[SHULPHQWDWLRQ� WKH RSWLPDO SROLF\ LV FRQWLQXRXV H[FHSW IRU

D VLQJOH MXPS EHWZHHQ TPD[ DQG TPLQ� DQG WKH SURFHVV RI SRVWHULRU EHOLHIV� LI VWDUWHG IURP
D SULRU EHOLHI LQ @�� �>� FRQYHUJHV WR WKH WUXH VWDWH RI GHPDQG ZLWK SUREDELOLW\ RQH�

,Q WKH FDVH RI PRGHUDWH H[SHULPHQWDWLRQ� WKH RSWLPDO SROLF\ LV FRQWLQXRXV� DQG WKH
SURFHVV RI SRVWHULRU EHOLHIV H[KLELWV WKH IROORZLQJ ORQJ�UXQ EHKDYLRXU JLYHQ D SULRU EHOLHI
{� � �� A{� � DQG WKH WUXH VWDWH RI GHPDQG N� ZLWK SUREDELOLW\ RQH� EHOLHIV FRQYHUJH WR

q A{ LI � � {� � A{ DQG N  �� RU A{ � {� � � DQG N  ��

q � RU A{ LI � � {� � A{ DQG N  ��

��



q A{ RU � LI A{ � {� � � DQG N  ��

,Q SDUWLFXODU� WKHUH LV DOZD\V D SRVLWLYH SUREDELOLW\ WKDW EHOLHIV ZLOO FRQYHUJH WR A{�

3URRI� )RU Xe�A{� ! AP� ZH REWDLQ WKH RSWLPDO SROLF\ H[DFWO\ DV LQ WKH SURRI RI
3URSRVLWLRQ ���� 6LQFH Xe LV VWULFWO\ FRQYH[� LWV JUDSK FURVVHV 5F RQO\ RQFH� VR WKLV
SROLF\ KDV LQGHHG MXVW RQH MXPS�
,I Xe�A{�  AP� RQ WKH RWKHU KDQG� ZH KDYH �Xe���A{�  � DQG ~�{��Xe����{� �U  

n�{�>Xe�{�bP�{�@ >Xe�{�b AP@ � n�{� RQ @�� �>bIA{J� )RU DOO { � A{� WKHUH DUH z DQG
s VWULFWO\ EHWZHHQ A{ DQG { VXFK WKDW >Xe�{� b AP@ >P�{� b AP@  �Xe����z� P���r�� DV
�Xe��� LV ERXQGHG RQ @�� �>bIA{J� VR LV WKH TXRWLHQW RQ WKH OHIW�KDQG VLGH� 7KHUHIRUH�
2�{� Xe�{�� H[WHQGV WR D /LSVFKLW] FRQWLQXRXV SROLF\ IXQFWLRQ ZKLFK LV RSWLPDO E\ WKH
YHULnFDWLRQ WKHRUHP IURP 6HFWLRQ ����
7KH XSGDWLQJ HTXDWLRQ ��� VKRZV WKDW WKH SURFHVV RI SRVWHULRU EHOLHIV JHQHUDWHG E\

WKH RSWLPDO SROLF\ LV D VXSHUPDUWLQJDOH LI WKH WUXH VWDWH LV N  �� DQG D VXEPDUWLQJDOH LI
N  �� 6LQFH WKH SURFHVV LV ERXQGHG� WKLV LPSOLHV DOPRVW VXUH FRQYHUJHQFH� 7KH VWDWHG
ORQJ�UXQ EHKDYLRXU LV QRZ HVWDEOLVKHG E\ PHDQV RI WKH VWDQGDUG ERXQGDU\ FODVVLnFDWLRQ
IRU GLmXVLRQ SURFHVVHV� FI� .DUOLQ DQG 7D\ORU ������ &KDSWHU ��� 6HFWLRQV �����

7KH SURSRVLWLRQ VKRZV WKDW IRU VXpFLHQWO\ KLJK GLVFRXQW UDWHV� WKHUH LV D SRVLWLYH
SUREDELOLW\ WKDW EHOLHIV ZLOO VHWWOH GRZQ DW D SRLQW ZKHUH WKH DJHQW KDV QRW OHDUQW WKH
WUXH VWDWH� 7KLV LV D SDUWLFXODU FDVH RI WKH JHQHUDO LQFRPSOHWH OHDUQLQJ UHVXOW REWDLQHG
LQ WKH OLWHUDWXUH RQ RSWLPDO OHDUQLQJ LQ DQ XQFKDQJLQJ HQYLURQPHQW DQG UHIHUUHG WR
DIWHU 3URSRVLWLRQ ���� 2XU VHWXS ZLWK FRQWLQXRXV WLPH DQG D RQH�GLPHQVLRQDO VWDWH
VSDFH PDNHV WKLV UHVXOW SDUWLFXODUO\ VWDUN� LI WKH SULRU EHOLHI OLHV RQ WKH CZURQJ
 VLGH RI
A{� PRGHUDWH H[SHULPHQWDWLRQ ZLOO FDXVH EHOLHIV WR FRQYHUJH WR A{ ZLWK SUREDELOLW\ RQH�
+HUH� H[DFWO\ DV LQ WKH FDVH RI D FKDQJLQJ HQYLURQPHQW� WKH PRQRSROLVW� ZKHQ FKRRVLQJ
WR H[SHULPHQW PRGHUDWHO\� HmHFWLYHO\ UHGXFHV WKH VWDWH VSDFH WR D VPDOOHU LQWHUYDO� ,Q
WKLV VHQVH� D CORFDO
 GHFLVLRQ� KRZ WR H[SHULPHQW DW RU QHDU WKH EHOLHI A{� KDV GUDVWLF
CJOREDO
 FRQVHTXHQFHV�
)LQDOO\� QRWH WKDW WKH FDVH RI D FKDQJLQJ HQYLURQPHQW LV ULFKHU LQ WKDW LW DOORZV IRU

D IRUP RI PRGHUDWH H[SHULPHQWDWLRQ ZKHUH WKH PRQRSROLVW H[SHULPHQWV PXFK PRUH RQ
RQH VLGH RI A{ WKDQ RQ WKH RWKHU� 7KLV DV\PPHWU\ UHoHFWV WKH IDFW WKDW VWDWH VZLWFK�
LQJ LQWURGXFHV PHDQ UHYHUVLRQ LQWR WKH XSGDWLQJ HTXDWLRQ ���� WKHUHE\ GHVWUR\LQJ WKH
PDUWLQJDOH SURSHUW\ RI EHOLHIV� WKLV GRHV QRW KDSSHQ ZKHQ e  ��

��� 0D[LPXP ([SHULPHQWDWLRQ �U  �� e  ��

)RU JLYHQ }� DQ DJHQW ZKR XVHV WKH FDWFKLQJ�XS FULWHULRQ LQ DQ XQFKDQJLQJ HQYLURQPHQW
FOHDUO\ KDV WKH VWURQJHVW SRVVLEOH LQFHQWLYH WR H[SHULPHQW� &RQVHTXHQWO\� LI H[WUHPH
H[SHULPHQWDWLRQ LV WR RFFXU DW DOO� LW PXVW RFFXU IRU U  � DQG e  �� :H KDYH VHHQ
DERYH WKDW WKLV LV LQGHHG WKH FDVH� :H QRZ GHULYH WKH RSWLPDO SROLF\ LQ D VLPSOH FORVHG
IRUP� 5HFDOO WKH FRQVWUXFWLRQ RI WKH OHIW� FHQWUDO DQG ULJKW UD\V LQ 6HFWLRQ ���� DQG OHW
TF GHQRWH WKH FHQWUH RI WKH LQWHUYDO >TPLQ� TPD[@�

3URSRVLWLRQ ��� /HW U  � DQG e  �� /HW {C� {F DQG {U EH WKH EHOLHIV ZKHUH WKH
JUDSK RI WKH IXOO�LQIRUPDWLRQ SD\�Rm IXQFWLRQ P LQWHUVHFWV WKH OHIW� FHQWUDO DQG ULJKW

��



UD\V� UHVSHFWLYHO\� WKDW LV�

P�{C�  APb �
�
cm >TPD[ b AT@ �{C b A{��

P�{U�  AP� �
�
cm >AT b TPLQ@ �{U b A{��

DQG

{F  A{ �
�

cm

TF b AT
>TPD[ b AT@>AT b TPLQ@

�P�{F�b AP��

7KHQ WKH SROLF\ IXQFWLRQ T � >�� �@� 4 GHnQHG E\

T�{�  
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!!!!!!!!!!!!!!!!�

TP�{� � P�{�bP�{�
P�{�b AP

>TP�{�b AT@ IRU � � { � {C�

TPD[ IRU {C � { � {F�

TPD[ RU TPLQ IRU {  {F�

TPLQ IRU {F � { � {U�

TP�{� � P�{�bP�{�
P�{�b AP

>TP�{�b AT@ IRU {U � { � ��

ZKLFK LV FRQWLQXRXV H[FHSW IRU D MXPS DW {F� LV RSWLPDO�

3URRI� T LV PHDVXUDEOH ZLWK >T�{�b AT@� ERXQGHG DZD\ IURP ]HUR� KHQFH DGPLVVLEOH E\
3URSRVLWLRQ $��� 2SWLPDOLW\ IROORZV IURP WKH XQGLVFRXQWHG YDULDQW RI WKH YHULnFDWLRQ
WKHRUHP IURP 6HFWLRQ ��� DQG WKH IDFW WKDW T�{� � 2�{�P�{�� IRU � � { � ��

1RWH WKDW WKLV UHVXOW KROGV LQGHSHQGHQWO\ RI WKH YDOXH RI WKH SDUDPHWHU }� 7KH
LQWXLWLRQ IRU WKLV LV VLPSOH� ,Q WKH DEVHQFH RI VWDWH VZLWFKLQJ� D FKDQJH LQ } DPRXQWV WR
D PHUH UHVFDOLQJ RI WKH WLPH D[LV� $V WKH REMHFWLYH RI DQ DJHQW XVLQJ WKH FDWFKLQJ�XS
FULWHULRQ LV LQYDULDQW WR VXFK D UHVFDOLQJ� WKH RSWLPDO SROLF\ UHPDLQV WKH VDPH�

��� )XUWKHU )LQGLQJV

%H\RQG WKH UHVXOWV UHSRUWHG DERYH� RXU QXPHULFDO VLPXODWLRQV VXJJHVW DGGLWLRQDO SURS�
HUWLHV RI WKH DGMXVWHG YDOXH IXQFWLRQ DQG WKH RSWLPDO SROLF\� :H GLVFXVV WKHP EULHo\
LQ WKLV VXEVHFWLRQ�
)LUVW� WKH DGMXVWHG YDOXH IXQFWLRQ DSSHDUV WR EH VWULFWO\ FRQYH[ HYHQ LQ WKH H[WUHPH

H[SHULPHQWDWLRQ UHJLPH� VHH IRU H[DPSOH )LJXUH �� 7KLV LPSOLHV LQ SDUWLFXODU WKDW WKH
JUDSK RI Ye FURVVHV WKH FHQWUDO UD\ RQO\ RQFH� VR H[WUHPH H[SHULPHQWDWLRQ HQWDLOV MXVW
RQH MXPS LQ WKH RSWLPDO SROLF\ IXQFWLRQ� 7KHRUHP ��� HVWDEOLVKHV VWULFW FRQYH[LW\ IRU
PRGHUDWH H[SHULPHQWDWLRQ RQO\� ,W ZRXOG EH GHVLUDEOH WR KDYH D JHQHUDO� HFRQRPLFDOO\
LQWXLWLYH SURRI RI WKLV SURSHUW\ WKDW GRHV QRW UHO\ RQ D GHWDLOHG �DQG UDWKHU FRPSOLFDWHG�
LQYHVWLJDWLRQ RI WKH 2'( IRU Ye DV LQ $SSHQGL[ )� *LYHQ WKDW WKH DGMXVWHG YDOXH
IXQFWLRQ IRU e ! � VDWLVnHV WKH VDPH ERXQGDU\ FRQGLWLRQV DV WKH �WUXH� YDOXH IXQFWLRQ
IRU e  � �ERWK FRLQFLGH ZLWK WKH P\RSLF SD\�Rm IRU {  � DQG ��� RQH FRXOG IRU H[DPSOH
WU\ WR UHLQWHUSUHW Ye DV WKH YDOXH IXQFWLRQ RI D WUDQVIRUPHG RSWLPDO H[SHULPHQWDWLRQ

��



SUREOHP ZLWKRXW VWDWH VZLWFKLQJ� LQ ZKLFK FDVH FRQYH[LW\ ZRXOG IROORZ LPPHGLDWHO\ E\
VWDQGDUG DUJXPHQWV� 6R IDU� ZH KDYH QRW EHHQ DEOH WR PDNH SURJUHVV LQ WKLV GLUHFWLRQ�

6HFRQG� JUDQWHG VWULFW FRQYH[LW\ RI Ye� ZH DOVR KDYH WKH VWULFW LQHTXDOLW\ Ye � P
RQ @�� �>� 7KLV LQHTXDOLW\ UHoHFWV WKH LQWXLWLYH IDFW WKDW WKH LQFHQWLYH WR H[SHULPHQW
LV KLJKHVW IRU D PRQRSROLVW ZKR RSHUDWHV LQ DQ XQFKDQJLQJ HQYLURQPHQW DQG GRHV QRW
GLVFRXQW� $JDLQ� D SURRI EDVHG RQ WKLV LQWXLWLRQ ZRXOG EH GHVLUDEOH�

7KLUG� RXU QXPHULFDO UHVXOWV VXJJHVW WKDW Ye LV VWULFWO\ GHFUHDVLQJ �RQ @�� �> IRU H[�
WUHPH H[SHULPHQWDWLRQ� RQ @�� �> bIA{J IRU PRGHUDWH H[SHULPHQWDWLRQ� LQ HDFK RI WKH
SDUDPHWHUV U� e DQG }� $V D FRQVHTXHQFH� WKH H[WHQW WR ZKLFK WKH DJHQW H[SHULPHQWV�
PHDVXUHG E\ WKH GLVWDQFH MTe�{�b TP�{�M� LV VWULFWO\ GHFUHDVLQJ LQ HDFK RI WKHVH SDUDP�
HWHUV DV ORQJ DV Te�{� �� ITPLQ� T

P���� AT� TP���� TPD[J� ,Q WKH H[WUHPH H[SHULPHQWDWLRQ
UHJLPH� PRUHRYHU� WKH VHW RI EHOLHIV DW ZKLFK TPD[ RU TPLQ LV RSWLPDO VKULQNV LQ UHVSRQVH
WR DQ LQFUHDVH LQ RQH RI WKH SDUDPHWHUV� DQG LV DOZD\V D VXEVHW RI >{C� {U@ DV LQ 3URSRVL�
WLRQ ���� 7KH LQWXLWLRQ EHKLQG WKHVH FRPSDUDWLYH VWDWLFV LV FOHDU� $V WKH GLVFRXQW UDWH
LQFUHDVHV� WKH IXWXUH EHFRPHV OHVV LPSRUWDQW WR WKH DJHQW� 7KH YDOXH RI LQIRUPDWLRQ
IDOOV� DQG ZLWK LW WKH DJHQW
V ZLOOLQJQHVV WR VDFULnFH FXUUHQW UHYHQXH IRU SRWHQWLDO IX�
WXUH JDLQV IURP H[SHULPHQWDWLRQ� $ KLJKHU OHYHO RI QRLVH� RQ WKH RWKHU KDQG� UHQGHUV
WKH SULFH VLJQDO OHVV LQIRUPDWLYH� ZKLFK UHGXFHV WKH H[SHFWHG JDLQ IURP DQ\ JLYHQ GH�
YLDWLRQ IURP WKH P\RSLF RSWLPXP� DQG WKXV WKH LQFHQWLYH WR H[SHULPHQW� )LQDOO\� D
KLJKHU IUHTXHQF\ RI VWDWH VZLWFKHV LQFUHDVHV WKH ULVN RI LQIRUPDWLRQ EHFRPLQJ REVROHWH�
VR WKH WUDGH�Rm EHWZHHQ FXUUHQW UHYHQXHV DQG SRWHQWLDO JDLQV IURP H[SHULPHQWDWLRQ
VKLIWV DJDLQ LQ IDYRXU RI WKH IRUPHU� )RU WKH PRGHUDWH H[SHULPHQWDWLRQ UHJLPH� ZH
FDQ XVH WKH WHFKQLTXHV RI $SSHQGL[ * WR SURYH DQDO\WLFDOO\ WKDW MTe�{� b TP�{�M LV
DOZD\V VWULFWO\ GHFUHDVLQJ RQ @�� �> bIA{J LQ U DQG }� DQG VWULFWO\ GHFUHDVLQJ LQ e LQ WKH
XQGLVFRXQWHG FDVH �U  ��� FI� WKH SURRI RI 7KHRUHP ��� EHORZ�

� 1R &RQIRXQGLQJ %HOLHI

:H QRZ WXUQ EULHo\ WR WKH VLPSOHU FDVH RI RSWLPDO H[SHULPHQWDWLRQ ZKHQ WKH WZR
GHPDQG FXUYHV GR QRW LQWHUVHFW LQ WKH LQWHULRU RI 4P� DQG VR WKHUH LV QR ORQJHU D EHOLHI
A{ � @�� �> VXFK WKDW TP�A{�  AT��� 7KDW LV� ZH GURS WKH VWDQGLQJ DVVXPSWLRQ PDGH LQ
6HFWLRQ ���� DQG LQVWHDG PDNH WKH IROORZLQJ

$VVXPSWLRQ 7KH WZR GHPDQG FXUYHV GR QRW LQWHUHVW LQ WKH UDQJH RI WKH P\RSLF SRO�
LF\ IXQFWLRQ �AT �� 4P�� H[SHULPHQWDWLRQ LV LQIRUPDWLYH �cn � �� DQG LQIRUPDWLRQ LV
YDOXDEOH �m�n� b m�n� � ���
:H FRQWLQXH WR DVVXPH ZLWKRXW ORVV RI JHQHUDOLW\ WKDW WKH GHPDQG FXUYH LQ VWDWH � LV
VWHHSHU WKDQ WKH GHPDQG FXUYH LQ VWDWH �� WKDW LV� cn ! �� $V LQ 6HFWLRQ ���� WKLV
QHZ DVVXPSWLRQ LV VXpFLHQW IRU H[SHULPHQWDWLRQ WR RFFXU DW DOPRVW DOO EHOLHIV� VHH WKH
IRRWQRWH RQ SDJH ���

��7R DYRLG FXPEHUVRPH FDVH GLVWLQFWLRQV� ZH ZLOO LJQRUH WKH ERUGHU�OLQH FDVHV AT  TP��� DQG AT  
TP��� LQ ZKDW IROORZV� ,W LV HDV\ WR FKHFN� WKRXJK� WKDW WKH UHVXOWV JLYHQ EHORZ UHPDLQ YDOLG LQ WKHVH
WZR VFHQDULRV�

��



,W WXUQV RXW WKDW XQGHU WKH QHZ DVVXPSWLRQ� H[SHULPHQWDWLRQ LV DOZD\V LQ RQH GLUHF�
WLRQ DQG PRGHUDWH� 7KDW LV� WKH PRQRSROLVW HLWKHU DOZD\V UHGXFHV SURGXFWLRQ UHODWLYH
WR WKH P\RSLF EHQFKPDUN� RU KH DOZD\V H[SDQGV SURGXFWLRQ� DQG KH QHYHU FKRRVHV DQ\
TXDQWLWLHV RXWVLGH WKH UDQJH 4P RI WKH P\RSLF SROLF\ IXQFWLRQ� ,Q SDUWLFXODU� WKH UHOH�
YDQW 2'( IRU WKH DGMXVWHG YDOXH IXQFWLRQ ZLOO EH JLYHQ E\ ����� DQG RSWLPDO TXDQWLWLHV
E\ �����
:KHQ U  � DQG e  �� WKH RSWLPDO SROLF\ FDQ DJDLQ EH ZULWWHQ GRZQ LQ FORVHG

IRUP�

T�{�  TP�{� �
P�{�bP�{�

P�{�b AP
>TP�{�b AT@ �

VLQFH T�{�  2�{�P�{�� IRU � � { � �� RSWLPDOLW\ RI WKLV SROLF\ IXQFWLRQ IROORZV
H[DFWO\ DV LQ WKH SURRI RI 3URSRVLWLRQ ���� :KHQ U ! � RU e ! �� ZH KDYH WKH IROORZLQJ
WKHRUHP�

7KHRUHP ��� �0RGHUDWH ([SHULPHQWDWLRQ� 2QH 'LUHFWLRQ� /HW U ! � RU e !
�� 7KHQ WKH DGMXVWHG YDOXH IXQFWLRQ Ye VDWLVnHV P � Ye � P RQ @�� �>� DQG LW LV DQDO\WLF�
VWULFWO\ FRQYH[ DQG WKH XQLTXH VROXWLRQ RI WKH 2'( ���� VXEMHFW WR WKH FRQGLWLRQV Ye���  
P���� Ye���  P���� DQG Ye ! P HYHU\ZKHUH HOVH� 7KH RSWLPDO SROLF\ IXQFWLRQ�

Te�{�  TP�{� �
Ye�{�bP�{�

P�{�b AP
>TP�{�b AT@ �

LV DQDO\WLF� WDNHV YDOXHV LQ 4P RQO\� DQG VDWLVnHV WKH IROORZLQJ LQHTXDOLWLHV RQ @�� �> �
TP � Te � T LI AT � 4P� DQG T � Te � TP LI AT ! 4P�

3URRI� $SSO\LQJ 3URSRVLWLRQ *��� ZH REWDLQ D FRQWLQXRXV IXQFWLRQ Y � >�� �@ � ,5
ZKLFK VROYHV ���� ZLWK P � Y � P RQ @�� �>� 7KLV IXQFWLRQ LV DQDO\WLF RQ @�� �> E\ WKH
&DXFK\�.RZDOHZVNL WKHRUHP�
8VLQJ WKH YHULnFDWLRQ WKHRUHP IURP 6HFWLRQ ��� �DQG LWV XQGLVFRXQWHG YDULDQW�� ZH

VHH WKDW Y  Ye DQG WKH SROLF\ Te LV RSWLPDO� 7KLV DOVR HVWDEOLVKHV WKH XQLTXHQHVV SDUW
RI WKH WKHRUHP� 0RUHRYHU� ZH KDYH �Ye��� ! � RQ @�� �> E\ 3URSRVLWLRQ )���
7KH VWDWHG LQHTXDOLWLHV IRU Te IROORZ GLUHFWO\ IURP WKH IDFW WKDW P � Ye � P RQ

@�� �>� 7KH GHULYDWLYH RI WKH IXQFWLRQ T LV

T��{�  b >T
P���b AT@ >TP���b AT@ cn AS

�n�{�� >TP�{�b AT@�  
>TP���b AT@ >TP���b AT@

>TP�{�b AT@� �TP���{��

DV HLWKHU AT � 4P RU AT ! 4P� WKLV LV HLWKHU VWULFWO\ SRVLWLYH RU VWULFWO\ QHJDWLYH WKURXJK�
RXW DQG RI WKH VDPH VLJQ DV WKH GHULYDWLYH RI TP� $V T DQG TP FRLQFLGH DW HLWKHU HQG RI
WKH XQLW LQWHUYDO� WKH UDQJH RI T DQG KHQFH WKH UDQJH RI Te HTXDOV 4P�

7KXV� H[SHULPHQWDWLRQ LV LQGHHG LQ RQH GLUHFWLRQ IRU AT �� 4P� LI AT OLHV WR WKH OHIW
RI 4P� WKHQ Te ! TP RQ @�� �>� ZKLFK PHDQV WKDW WKH DJHQW H[SHULPHQWV E\ LQFUHDVLQJ
TXDQWLW\� LI� RQ WKH RWKHU KDQG� AT OLHV WR WKH ULJKW RI 4P� WKHQ Te � TP RQ @�� �>� VR WKH
DJHQW H[SHULPHQWV E\ GHFUHDVLQJ TXDQWLW\� 7KH LQWXLWLRQ EHKLQG WKLV TXDQWLW\ H[SDQVLRQ
RU UHGXFWLRQ LV VWUDLJKWIRUZDUG� WKH PRQRSROLVW GHYLDWHV IURP WKH P\RSLF TXDQWLW\ E\
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PRYLQJ DZD\ IURP AT DQG LQ WKH �QRZ XQDPELJXRXVO\ GHnQHG� GLUHFWLRQ RI ZLGHQLQJ
VSUHDGV EHWZHHQ WKH WZR SRVVLEOH GHPDQG FXUYHV� WKXV PDNLQJ SULFH REVHUYDWLRQV PRUH
LQIRUPDWLYH��� 1RWH DOVR WKDW WKH SURFHVV RI SRVWHULRU EHOLHIV LV QRZ DOZD\V UHJXODU VLQFH
WKH GLmHUHQFH Te�{�b AT� DQG KHQFH WKH LQIRUPDWLYHQHVV RI WKH SULFH VLJQDO� LV ERXQGHG
DZD\ IURP ]HUR�
&RQYH[LW\ RI Ye WXUQV RXW WR EH FUXFLDO IRU WKH FRPSDUDWLYH VWDWLFV RI RSWLPDO H[�

SHULPHQWDWLRQ� WR ZKLFK ZH WXUQ QH[W�

7KHRUHP ��� *LYHQ n[HG GHPDQG FXUYH SDUDPHWHUV m�� m�� n�� n� VXFK WKDW AT �� 4P

DQG D n[HG a{� WKH GLVWDQFH MTe�{�b TP�{�M LV
q VWULFWO\ GHFUHDVLQJ LQ U�

q VWULFWO\ GHFUHDVLQJ LQ }�

q VWULFWO\ GHFUHDVLQJ LQ e LI U  �

IRU DOO { � @�� �>�

3URRI� /HW Ye>U�e� }@ GHQRWH WKH DGMXVWHG YDOXH IXQFWLRQ IRU DQ\ JLYHQ FRPELQDWLRQ
RI SDUDPHWHUV U w �� e w � DQG } ! �� DQG OHW 2'(>U�e� }@ EH WKH GLmHUHQWLDO HTXDWLRQ
���� IRU WKHVH SDUDPHWHU YDOXHV�
&RQVLGHU GLVFRXQW UDWHV U� � U�� 6LQFH Ye>U��e� }@ ! P RQ @�� �>� WKH ULJKW�KDQG

VLGH RI ���� ZLWK Y  Ye>U��e� }@ LV VWULFWO\ LQFUHDVLQJ LQ U DW HDFK { � @�� �>� %HLQJ
D VROXWLRQ RI 2'(>U��e� }@� Y

e>U��e� }@ LV WKXV D VWULFW VXSHUVROXWLRQ RI 2'(>U��e� }@�
�6HH $SSHQGL[ * IRU D GHnQLWLRQ RI VXSHUVROXWLRQ�� $V LQ 3URSRVLWLRQ *��� WKHUHIRUH�
WKHUH H[LVWV D FRQWLQXRXV IXQFWLRQ Y � >�� �@ � ,5 ZKLFK VROYHV 2'(>U��e� }@ ZLWK
P � Y � Ye>U��e� }@ RQ @�� �>� $V Y

e>U��e� }@ � P RQ @�� �>� WKH XQLTXHQHVV SDUW RI
7KHRUHP ��� LPSOLHV Y  Ye>U��e� }@� 7KH FRPSDUDWLYH VWDWLFV UHVXOW ZLWK UHVSHFW WR WKH
GLVFRXQW UDWH QRZ IROORZV IURP WKH REVHUYDWLRQ WKDW RSWLPDO TXDQWLWLHV DUH LQFUHDVLQJ
LQ DGMXVWHG YDOXHV�
7KH RWKHU FRPSDUDWLYH VWDWLFV UHVXOWV IROORZ LQ WKH VDPH ZD\� ,Q IDFW� VLQFH WKH

VHFRQG GHULYDWLYH RI WKH DGMXVWHG YDOXH IXQFWLRQ LV VWULFWO\ SRVLWLYH RQ @�� �>� Ye>U�e� }�@
LV D VWULFW VXSHUVROXWLRQ RI 2'(>U�e� }�@ IRU }� � }�� DQG Ye>��e�� }@ LV D VWULFW VXSHU�
VROXWLRQ RI 2'(>��e�� }@ IRU e� � e��

7KH LQWXLWLRQ EHKLQG WKHVH FRPSDUDWLYH VWDWLFV UHVXOWV KDV DOUHDG\ EHHQ GLVFXVVHG
LQ 6HFWLRQ ������

��,W LV OHVV LQWXLWLYH� WKRXJK� WKDW H[SHULPHQWDWLRQ VKRXOG DOZD\V EH PRGHUDWH�
��&OHDUO\� WKH FRPSDUDWLYH VWDWLFV ZLWK UHVSHFW WR e VKRXOG DOVR SHUWDLQ ZKHQ U ! �� 2XU QXPHULFDO

VLPXODWLRQV FRQnUP WKLV FRQMHFWXUH� EXW ZH KDYH QRW EHHQ DEOH WR SURYLGH DQ DQDO\WLFDO SURRI VR IDU�
1RWH WKDW E\ WKH VDPH DUJXPHQW DV LQ WKH SURRI RI 7KHRUHP ���� LW ZRXOG EH VXpFLHQW WR VKRZ WKDW�

I�{� � �{ b a{� cn

n�{�

w
Ye�{�bP�{�

Ye�{�b AP
� �{ b a{�

�
Ye�{�bP�{�

Ye�{�b AP

w�
! �

RQ @�� �>� ZKLFK LV HTXLYDOHQW WR �Ye��� ! �Xe��� RQ WKH RSHQ XQLW LQWHUYDO� $OO WKH QXPHULFDO VROXWLRQV
WKDW ZH KDYH FDOFXODWHG VDWLVI\ WKLV FRQGLWLRQ�

��



� &RQFOXVLRQ

:H KDYH VWXGLHG WKH EHKDYLRXU RI D PRQRSROLVW ZKR OHDUQV DERXW UDQGRPO\ FKDQJLQJ
GHPDQG E\ FKRRVLQJ D VWUHDP RI TXDQWLWLHV� REVHUYLQJ WKH SULFHV WKH\ JHQHUDWH� DQG
XSGDWLQJ KLV EHOLHIV DFFRUGLQJO\� $V WKH DFWLRQ VSDFH LV FRQWLQXRXV� D VPDOO DPRXQW RI
LQIRUPDWLRQ FDQ EH REWDLQHG DW D VPDOO RSSRUWXQLW\ FRVW� *LYHQ WKH FKDQJLQJ HQYLURQ�
PHQW� WKHUHIRUH� H[SHULPHQWDWLRQ ZLOO RFFXU HYHQ LQ WKH ORQJ UXQ DOWKRXJK� DV ZH KDYH
VHHQ� WKH VFRSH RI DFWLRQV PD\ EHFRPH UHVWULFWHG�

:H IRUPXODWHG WKH SUREOHP LQ FRQWLQXRXV WLPH� ZKLFK OHDG XV YLD WKH %HOOPDQ
HTXDWLRQ WR DQ RUGLQDU\ GLmHUHQWLDO HTXDWLRQ IRU WKH DGMXVWHG YDOXH IXQFWLRQ� 7KH DG�
YDQWDJHV RI WKLV DSSURDFK DUH WKUHH�IROG� �D� NH\ SURSHUWLHV RI WKH YDOXH IXQFWLRQ DQG
RSWLPDO SROLF\ FDQ EH HVWDEOLVKHG DQDO\WLFDOO\� DV FDQ VRPH FRPSDUDWLYH VWDWLFV UHVXOWV�
HYHQ WKRXJK D FORVHG�IRUP VROXWLRQ LV JHQHUDOO\ QRW REWDLQDEOH� �E� WKH VDPSOH SDWK
SURSHUWLHV RI EHOLHIV DQG RSWLPDO DFWLRQV DUH HDV\ WR FKDUDFWHULVH� �F� LW LV VWUDLJKWIRU�
ZDUG WR VROYH WKH GLmHUHQWLDO HTXDWLRQ RI LQWHUHVW QXPHULFDOO\� HQDEOLQJ XV WR LOOXVWUDWH
WKH DQDO\WLFDO UHVXOWV DQG VXJJHVW IXUWKHU SODXVLEOH SURSHUWLHV RI WKH VROXWLRQ�

2XU DQDO\VLV IRFXVHG RQ WKH PRVW LQWHUHVWLQJ FDVH ZKHUH WKH FRQIRXQGLQJ TXDQWLW\
OLHV EHWZHHQ WKH P\RSLFDOO\ RSWLPDO TXDQWLWLHV IRU WKH WZR SRVVLEOH GHPDQG FXUYHV� :H
IRXQG WZR TXDOLWDWLYHO\ GLmHUHQW H[SHULPHQWDWLRQ UHJLPHV� )RU ORZ GLVFRXQW UDWHV DQG
ORZ SUREDELOLWLHV RI D GHPDQG FXUYH VZLWFK� RSWLPDO H[SHULPHQWDWLRQ LV H[WUHPH� WKH
PD[LPDO DQG PLQLPDO IHDVLEOH TXDQWLWLHV DUH FKRVHQ D QRQ�QHJOLJLEOH IUDFWLRQ RI WLPH�
WKH RSWLPDO SROLF\ IXQFWLRQ H[KLELWV D MXPS IURP RQH H[WUHPH TXDQWLW\ WR WKH RWKHU� DQG
WKH WUXH VWDWH LV WUDFNHG IDLUO\ ZHOO� )RU KLJK GLVFRXQW UDWHV RU KLJK SUREDELOLWLHV RI D
GHPDQG FXUYH VZLWFK� RQ WKH RWKHU KDQG� H[SHULPHQWDWLRQ LV PRGHUDWH� WKH TXDQWLWLHV
FKRVHQ DUH ERXQGHG DZD\ IURP WKH H[WUHPHV� WKH PRQRSROLVW EHKDYHV OLNH D P\RSLF
DJHQW DW WKH FRQIRXQGLQJ EHOLHI� DQG KH HYHQWXDOO\ UHVWULFWV KLV FKRLFHV WR D VXEVHW RI
WKH VSDFH RI IHDVLEOH TXDQWLWLHV�

$ WUDQVLWLRQ IURP RQH UHJLPH WR WKH RWKHU LQ UHVSRQVH WR D FKDQJH LQ WKH PRGHO
SDUDPHWHUV LQYROYHV D GLVFRQWLQXRXV FKDQJH RI RSWLPDO SROLF\� 7KLV VXJJHVWV WKDW DJHQWV
LQ D FKDQJLQJ HQYLURQPHQW PD\ UHGXFH WKHLU LQYHVWPHQW LQ LQIRUPDWLRQ GUDVWLFDOO\ LI WKH
IUHTXHQF\ RI FKDQJH �RU WKH LQWHUHVW UDWH� SDVVHV D FULWLFDO WKUHVKROG� +RZHYHU� WKHUH LV
D UHJLRQ LQ ZKLFK D WUDGH�Rm EHWZHHQ LQWHUHVW UDWHV DQG VWDELOLW\ FDQ EH H[SORLWHG� D
PRGHUDWHO\ KLJK LQWHUHVW UDWH QHHG QRW WULJJHU VOXJJLVK LQYHVWPHQW SURYLGHG WKDW WKH
XQGHUO\LQJ HQYLURQPHQW LV VXpFLHQWO\ VWDEOH� FRQYHUVHO\� WKH ORZ�LQYHVWPHQW HmHFW RI D
FKDQJLQJ HQYLURQPHQW FDQ EH RYHUFRPH E\ D VXpFLHQWO\ ORZ LQWHUHVW UDWH�

$V WR WKH UREXVWQHVV RI RXU UHVXOWV� LW LV FOHDU WKDW WKH OLQHDULW\ RI GHPDQG FXUYHV LV
LQHVVHQWLDO� DQ\ SDLU RI GHPDQG FXUYHV ZLWK D FRQIRXQGLQJ TXDQWLW\ DQG D SULFH VSUHDG
WKDW LQFUHDVHV PRQRWRQLFDOO\ DV ZH PRYH IXUWKHU DZD\ IURP WKH FRQIRXQGLQJ TXDQWLW\
�DW OHDVW ORFDOO\� ZRXOG OHDG WR WKH VDPH FRQFOXVLRQV� �$OVR� ZH FRXOG KDYH XVHG SULFH
UDWKHU WKDQ TXDQWLW\ DV WKH FKRLFH YDULDEOH ZLWK WKH DSSURSULDWH VSHFLnFDWLRQ RI QRLVH��

7KH IDFW WKDW ZH DOORZ RQO\ WZR SRVVLEOH GHPDQG FXUYHV WXUQV RXW WR EH PRUH
UHVWULFWLYH� :KLOH WKH GLVFRQWLQXRXV GHSHQGHQFH RI RSWLPDO SROLFLHV RQ WKH GLVFRXQW
DQG VZLWFKLQJ UDWHV GRHV QRW KLQJH RQ WKLV DVVXPSWLRQ��� WKH PRGHUDWH H[SHULPHQWDWLRQ

��,I ZH FRQVLGHU WKUHH OLQHDU GHPDQG FXUYHV� IRU H[DPSOH� WKH VSDFH RI SRVVLEOH SRVWHULRU EHOLHIV LV

��



WUDS FDQ RQO\ RFFXU ZLWK WKUHH RU PRUH GHPDQG FXUYHV LI WKHUH LV DJDLQ D FRQIRXQGLQJ
TXDQWLW\� L�H� LI WKH\ KDYH D FRPPRQ LQWHUVHFWLRQ SRLQW� ,Q WKLV VHQVH� WKH WUDS LV QRW
JHQHULF ^ EXW WKHQ QHLWKHU DUH WKH LQFRPSOHWH OHDUQLQJ UHVXOWV RI WKH SUHYLRXV OLWHUDWXUH
RQ XQFKDQJLQJ HQYLURQPHQWV� 7KH FDVH RI WZR UHZDUG IXQFWLRQV LV ZRUWK LQYHVWLJDWLQJ
VLQFH LW LGHQWLnHV WKH FLUFXPVWDQFHV ZKLFK SURGXFH DQ H[SHULPHQWDWLRQ WUDS� DQG VKRZV
WKDW WKH PHUH LQWURGXFWLRQ RI VWDWH VZLWFKLQJ LV QRW HQRXJK WR URRW RXW LQFRPSOHWH
OHDUQLQJ�
7KH FRQWLQXRXV�WLPH DVVXPSWLRQ LV OHVV FUXFLDO� 7KH EHKDYLRXU RI SRVWHULRU EHOLHIV

XQGHU PRGHUDWH H[SHULPHQWDWLRQ ZLOO EH OHVV FOHDU�FXW LQ GLVFUHWH WLPH� VLQFH GLVFUHWH
DGMXVWPHQWV FRXOG DOORZ WKH EHOLHI WR MXPS EDFN DQG IRUWK SDVW WKH FRQIRXQGLQJ EHOLHI�
+RZHYHU� DGMXVWPHQWV WRZDUGV WKH ORQJ�UXQ DYHUDJH VWDWH EHFRPH VWURQJHU DQG PRUH
IUHTXHQW WKH IXUWKHU WKH FXUUHQW EHOLHI LV DZD\ IURP WKH ORQJ�UXQ DYHUDJH VWDWH� VR
H[FXUVLRQV RXW RI WKH WUDS FDQ EH H[SHFWHG WR EH LQIUHTXHQW DQG VKRUW� $V ZH OHW WKH
SHULRG OHQJWK VKULQN� WKH UHVXOWLQJ VDPSOH SDWK EHKDYLRXU ZLOO WKHQ EHFRPH YHU\ FORVH
WR WKDW LQ RXU PRGHO�

$SSHQGL[

$ $GPLVVLEOH 6WUDWHJLHV DQG 3ROLF\ )XQFWLRQV

:H nUVW SURYLGH D SUHFLVH GHnQLWLRQ RI WKH VHW 4 RI DGPLVVLEOH VWUDWHJLHV� $VVXPH WKDW WKH %URZQLDQ
PRWLRQ = DQG WKH 0DUNRY SURFHVV N DUH JLYHQ RQ VRPH FRPSOHWH SUREDELOLW\ VSDFH DQG DUH ERWK
DGDSWHG WR WKH nOWUDWLRQ I)WJ� /HW 4� GHQRWH WKH VHW RI DOO SURFHVVHV T  ITWJ ZKLFK WDNH YDOXHV LQ
4� WKH LQWHUYDO RI IHDVLEOH TXDQWLWLHV� DQG DUH DGDSWHG WR WKH DIRUHPHQWLRQHG nOWUDWLRQ� (DFK T � 4�
JLYHV ULVH WR D XQLTXH FXPXODWLYH SULFH SURFHVV 3T� 7KH LQIRUPDWLRQ FRQWDLQHG LQ SULFHV LV VXPPDULVHG
E\ I)T

W J� WKH nOWUDWLRQ JHQHUDWHG E\ 3T� $ SURFHVV T � 4� LV DQ DGPLVVLEOH VWUDWHJ\ LI TW LV DGDSWHG
WR WKH nOWUDWLRQ I)T

W J�
$GPLVVLEOH SROLF\ IXQFWLRQV FDQ QRZ EH GHnQHG DV IROORZV� 7KH IXQFWLRQ T � >�� �@ � 4 LV DQ

DGPLVVLEOH SROLF\ IXQFWLRQ LI IRU DQ\ JLYHQ LQLWLDO EHOLHI {�� WKHUH LV D XQLTXH VWUDWHJ\ T � 4 �ZLWK
DVVRFLDWHG SURFHVV RI EHOLHIV I{WJ� VXFK WKDW TW  T�{W� IRU DOO W�

7KH IROORZLQJ UHVXOW SURYLGHV FRQGLWLRQV XQGHU ZKLFK D JLYHQ SROLF\ IXQFWLRQ LV DGPLVVLEOH�

3URSRVLWLRQ $�� $ SROLF\ IXQFWLRQ T � >�� �@ � 4 LV DGPLVVLEOH LI DW OHDVW RQH RI WKH IROORZLQJ
FRQGLWLRQV KROGV�

�D� T LV /LSVFKLW] FRQWLQXRXV�

�E� T LV PHDVXUDEOH� DQG WKHUH H[LVWV D p ! � VXFK WKDW >cmbcn T�{�@� ! p IRU DOO {�

3URRI� 6XSSRVH WKDW �D� KROGV� 7KHQ DQ H[WHQVLRQ WR D VWDQGDUG H[LVWHQFH WKHRUHP LPSOLHV WKDW WKH
VWRFKDVWLF GLmHUHQWLDO HTXDWLRQ

G{W  
Q
w�{W� � }b� h�{W� T�{W��

r
mNW b nNWT�{W� b >m�{W�b n�{W�T�{W�@

sR
GW

� h�{W� T�{W�� G=W �$���

ZKLFK LV REWDLQHG IURP FRPELQLQJ ��� DQG ��� KDV D XQLTXH VROXWLRQ { IRU DQ\ JLYHQ VWDUWLQJ YDOXH
{� � >�� �@� FI� /LSWVHU DQG 6KLU\D\HY ������ S�������� 'HnQH WKH VWUDWHJ\ T E\ TW  T�{W� DQG FRQVLGHU

WKH WZR�GLPHQVLRQDO VLPSOH[� DORQJ LWV HGJHV� ZH DUH EDFN LQ D VFHQDULR ZLWK WZR GHPDQG FXUYHV ^ VR
ZH KDYH WKH GLVFRQWLQXLW\�
��7KLV LV LQ IDFW D VWURQJ VROXWLRQ� $ ZHDN VROXWLRQ ZRXOG EH HQRXJK IRU RXU SXUSRVHV�

��



WKH DVVRFLDWHG SULFH SURFHVV G3W  �mNW b nNW TW� GW� } G=W� 6HFWLRQ � LPSOLHV WKDW WKH FRUUHVSRQGLQJ
SURFHVV RI EHOLHIV {TW  (>NW M )T

W @ DOVR VROYHV �$��� ZLWK LQLWLDO YDOXH {�� %\ WKH XQLTXHQHVV SDUW RI
/LSWVHU DQG 6KLU\D\HY ������ 7KHRUHP ����� WKH SURFHVVHV { DQG {T FRLQFLGH� VR { LV LQGHHG WKH SURFHVV
RI EHOLHIV DVVRFLDWHG ZLWK WKH VWUDWHJ\ T� 7KH SROLF\ IXQFWLRQ T WKXV JHQHUDWHV D XQLTXH VWUDWHJ\ LQ 4�

1RZ VXSSRVH �E�� *LYHQ DQ\ LQLWLDO YDOXH {�� .U\ORY ������ 7KHRUHP ������ LPSOLHV WKDW WKH
VWRFKDVWLF GLmHUHQWLDO HTXDWLRQ

G{W  w�{W� GW�h�{W� T�{W�� G=W

KDV D ZHDN VROXWLRQ �{� =�� ZLWK =� D:LHQHU SURFHVV� :H H[WHQG WKH FRUUHVSRQGLQJ nOWHUHG SUREDELOLW\
VSDFH LQ VXFK D ZD\ WKDW LW VXSSRUWV DQ LQGHSHQGHQW 0DUNRY SURFHVV INWJ WDNLQJ YDOXHV LQ I�� �J ZLWK
WUDQVLWLRQ SUREDELOLWLHV DV LQ 6HFWLRQ �� &RQVLGHU WKH ERXQGHG SURFHVV

sW  }b�
r
mNW b nNWT�{W� b >m�{W�b n�{W�T�{W�@

s
�

%\ *LUVDQRY
V WKHRUHP� WKHUH LV D QHZ PHDVXUH XQGHU ZKLFK

=W  =�W b
= W

�

sV GV

LV D :LHQHU SURFHVV� FI� 5HYX] DQG <RU ������� ,Q RWKHU ZRUGV� �{� =� LV D ZHDN VROXWLRQ WR WKH
VWRFKDVWLF GLmHUHQWLDO HTXDWLRQ �$���� $GPLVVLELOLW\ RI WKH SROLF\ IXQFWLRQ T LV QRZ VKRZQ LQ H[DFWO\
WKH VDPH ZD\ DV LQ WKH nUVW SDUW RI WKLV SURRI�

% 6RPH 3URSHUWLHV RI WKH 9DOXH )XQFWLRQ

&RQVLGHU WKH YDOXH IXQFWLRQ Xe DV GHnQHG LQ ����

3URSRVLWLRQ %�� 7KH YDOXH IXQFWLRQ Xe LV FRQWLQXRXV DQG FRQYH[�

3URRI� )RU n[HG T � 4� XT LV OLQHDU LQ {� ,QGHHG�

XT�{�  { (N� �

�= �

�

U HbU W TW >mNW b nNWTW@ GW

w

� ��b {� (N� �

�= �

�

U HbU W TW >mNW b nNWTW@ GW

w
�

)RU {  s {� � ��b s�{� ZLWK � � s � �� ZH WKHUHIRUH KDYH

XT�{�  s XT�{�� � ��b s�XT�{��

� s Xe�{�� � ��b s�Xe�{��

E\ WKH GHnQLWLRQ RI WKH YDOXH IXQFWLRQ� 7DNLQJ WKH VXSUHPXP RQ WKH OHIW�KDQG VLGH SURYHV FRQYH[LW\�
$ FRQYH[ IXQFWLRQ LV FRQWLQXRXV RQ WKH LQWHULRU RI LWV GRPDLQ� VR ZH RQO\ KDYH WR VKRZ FRQWLQXLW\ DW
{  � DQG {  �� 6XSSRVH IRU H[DPSOH WKDW WKH YDOXH IXQFWLRQ LV QRW FRQWLQXRXV DW {  �� 'XH WR
FRQYH[LW\� WKLV FDQ RQO\ PHDQ Xe��� ! Xe����� %\ GHnQLWLRQ RI WKH YDOXH IXQFWLRQ� WKHUH H[LVWV D SROLF\
T � 4 VXFK WKDW XT��� ! Xe����� %XW WKHQ XT�{� ! Xe�{� IRU VPDOO { ! �� ZKLFK LV D FRQWUDGLFWLRQ�
7KH ULJKW ERXQGDU\ {  � LV GHDOW ZLWK LQ WKH VDPH ZD\�

&RQYH[LW\ LPSOLHV WKH H[LVWHQFH RI D OHIW�KDQG GHULYDWLYH 'bX
e RQ @�� �@ DQG D ULJKW�KDQG GHULYDWLYH

'�X
e RQ >�� �>� ERWK EHLQJ QRQ�GHFUHDVLQJ IXQFWLRQV� WKH IRUPHU OHIW�FRQWLQXRXV� WKH ODWWHU ULJKW�

FRQWLQXRXV� ZLWK 'bX
e � '�X

e RQ WKHLU FRPPRQ GRPDLQ�

/HPPD %�� 7KH RQH�VLGHG GHULYDWLYHV 'bX
e DQG '�X

e DUH ERXQGHG�

��



3URRI� :H VHH IURP WKH UHSUHVHQWDWLRQ RI WKH SD\�Rm IXQFWLRQ XT LQ WKH SUHYLRXV SURRI WKDW WKHUH LV
D FRQVWDQW . ! � VXFK WKDW M�XT���{�M � . IRU DOO T � 4 DQG DOO {� 1RZ� VXSSRVH WKDW �'bX

e��{�� �
b. IRU VRPH EHOLHI {� ! �� 7KHQ WKHUH LV D {� � {� VXFK WKDW X

e�{�� b Xe�{�� � b. �{� b {���
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e���� DUH ERXQGHG LQ DEVROXWH YDOXH E\ .�

& 7KH 9DOXH )XQFWLRQ DV D 6ROXWLRQ RI WKH %HOOPDQ
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3URSRVLWLRQ &�� 7KH YDOXH IXQFWLRQ Xe KDV D FRQWLQXRXV nUVW GHULYDWLYH RQ >�� �@� DQG SRVVHVVHV D
ORFDOO\ ERXQGHG JHQHUDOLVHG VHFRQG GHULYDWLYH Xe� w � VXFK WKDW
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DOPRVW HYHU\ZKHUH RQ @�� �>�

3URRI� .U\ORY ������ 7KHRUHP �� S����� LPSOLHV WKDW Xe KDV WZR ORFDOO\ ERXQGHG JHQHUDOLVHG
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KDQG� Xe LV FRQYH[ E\ 3URSRVLWLRQ %��� $V LWV OHIW�KDQG GHULYDWLYH 'bX
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IRU HYHU\ IXQFWLRQ � WKDW LV LQnQLWHO\ GLmHUHQWLDEOH DQG RI FRPSDFW VXSSRUW LQ @�� �>� 0RUHRYHU� WKLV
SURSHUW\ FKDUDFWHULVHV x XQLTXHO\� FI� .U\ORY ������ S����� &RPSDULQJ LW ZLWK WKH GHnQLWLRQ RI WKH
JHQHUDOLVHG VHFRQG GHULYDWLYH Xe�� ZH FRQFOXGH WKDW Gx  Xe� G{� ,Q SDUWLFXODU�
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RSHQ XQLW LQWHUYDO ZLWK �Xe��  'bX
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KROGV DOPRVW HYHU\ZKHUH RQ @�� �>� 7KH SURRI LV FRPSOHWHG E\ UHSODFLQJ Xe� ZLWK �X
e���

7KH UHSUHVHQWDWLRQ �&��� LPSOLHV
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&RUROODU\ &�� Xe LV DOPRVW HYHU\ZKHUH WZLFH GLmHUHQWLDEOH� DQG �Xe���  Xe� DOPRVW HYHU\ZKHUH�
0RUHRYHU� Xe LV WZLFH FRQWLQXRXVO\ GLmHUHQWLDEOH RQ DQ\ RSHQ VHW ZKHUH Xe� KDV D FRQWLQXRXV YHUVLRQ�
L�H�� FRLQFLGHV ZLWK D FRQWLQXRXV IXQFWLRQ DOPRVW HYHU\ZKHUH�

$SSO\LQJ �&��� ZLWK T  TP�{� DQG GLYLGLQJ WKURXJK E\ U� ZH VHH LPPHGLDWHO\ WKDW
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DOPRVW HYHU\ZKHUH� %\ FRQWLQXLW\ RI Xe DQG �Xe��� ZH FDQ FRQFOXGH WKDW WKLV LQHTXDOLW\ KROGV LQ IDFW
RQ WKH ZKROH RI >�� �@� $V WR WKH ERXQGDU\ RI WKH XQLW LQWHUYDO� ZH KDYH WKH IROORZLQJ UHVXOW�

&RUROODU\ &�� 7KH YDOXH IXQFWLRQ VDWLVnHV WKH ERXQGDU\ FRQGLWLRQV
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IRU DOPRVW DOO {� 1RZ VXSSRVH WKDW Xe��� b w����Xe����� U ! P���� 8VLQJ WKH FRQWLQXLW\ RI Xe�{� b
w�{��Xe���{� U DQG WKH LQHTXDOLW\ MXVW GHULYHG� ZH FDQ nQG . ! � DQG q ! � VXFK WKDW Xe��{� w .{b�

DOPRVW HYHU\ZKHUH RQ >�� q@� %XW WKHQ
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DV { � �� ZKLFK FRQWUDGLFWV WKH ERXQGHGQHVV RI �Xe��� 7KH ERXQGDU\ FRQGLWLRQ DW {  � IROORZV E\
WKH VDPH DUJXPHQW�

7KH QH[W UHVXOW LV D VR�FDOOHG YHULnFDWLRQ WKHRUHP� SURYLGLQJ VXpFLHQW FRQGLWLRQV IRU D JLYHQ
VROXWLRQ RI WKH %HOOPDQ HTXDWLRQ WR EH WKH YDOXH IXQFWLRQ� DQG IRU D JLYHQ SROLF\ IXQFWLRQ WR EH
RSWLPDO RU q�RSWLPDO�

3URSRVLWLRQ &�� /HW X EH D RQFH FRQWLQXRXVO\ GLmHUHQWLDEOH IXQFWLRQ RQ >�� �@ ZLWK D JHQHUDOLVHG
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RQ @�� �>� WKHQ WKH IROORZLQJ VWDWHPHQWV KROG WUXH�
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�F� ,I WKHUH LV DQ DGPLVVLEOH SROLF\ IXQFWLRQ DV LQ �E� IRU DQ\ q ! �� WKHQ X LV WKH YDOXH IXQFWLRQ�
X  Xe�

�G� ,I Te � >�� �@ � 4 LV DQ DGPLVVLEOH SROLF\ IXQFWLRQ VXFK WKDW IRU HYHU\ {� WKH TXDQWLW\ Te�{�
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/HWWLQJ 7 JR WR LQnQLW\� ZH VHH WKDW WKH nUVW WHUP RQ WKH ULJKW KDQG VLGH EHFRPHV XT�{�� ZKLOH WKH
VHFRQG WHUP WHQGV WR ]HUR� 7KLV SURYHV SDUW �D�� 1H[W� OHW q w �� DQG FRQVLGHU D SROLF\ IXQFWLRQ
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�$V QRWHG LQ WKH PDLQ WH[W� WKH FRQGLWLRQ Y ! AP RQO\ ELWHV LI AT OLHV LQ WKH LQWHULRU RI 4P� LQ ZKLFK
FDVH LW UXOHV RXW H[DFWO\ WKH SRLQW �A{� AP�� ZKLFK LQ WXUQ H[FOXGHV WKH SRVVLELOLW\ RI AT EHLQJ RSWLPDO��

7R GHULYH WKH UHIRUPXODWLRQ� GHnQH WKH IXQFWLRQV
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3URRI� 7KH VHFRQG RUGHU FRQGLWLRQ IRU WKH PLQLPLVDWLRQ SUREOHP LQ �'��� LV VDWLVnHG ZKHUHYHU WKH
VHFRQG RUGHU FRQGLWLRQ IRU WKH PD[LPLVDWLRQ SUREOHP LQ �'��� LV VDWLVnHG� DQG LW LV FOHDU IURP �'���
WKDW WKH ODWWHU KROGV LI DQG RQO\ LI ~ �{� Vb n�{� � ��
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7KLV SURYHV WKH DVVHUWLRQ FRQFHUQLQJ 5�C� 7KH FDVH IRU 5�U LV SURYHG LQ WKH VDPH ZD\ VLPSO\ E\
UHSODFLQJ TPD[ E\ TPLQ DQG { � A{ E\ { w A{�

7KH QH[W OHPPD VKRZV WKDW WKH DERYH RSWLPLVDWLRQ SUREOHPV KDYH DQ LQWHULRU VROXWLRQ LI DQG RQO\
LI �{� Y� OLHV EHORZ 5C RU EHORZ 5U�

/HPPD '�� /HW AT OLH LQ WKH LQWHULRU RI 4P� )RU �{� Y� V� � $ d ,5�� WKH PLQLPLVDWLRQ SUREOHP LQ
�'��� KDV DQ LQWHULRU VROXWLRQ LI DQG RQO\ LI �{� Y� � $LQW�C > $LQW�U� ZKHUH
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3URRI� ,Q OLJKW RI WKH SUHFHGLQJ OHPPD� WKH PLQLPLVDWLRQ SUREOHP LQ �'��� KDV DQ LQWHULRU VROXWLRQ
LI DQG RQO\ LI WKH nUVW RUGHU FRQGLWLRQ LV VDWLVnHG ZKHQ �{� Y� OLHV EHORZ 5�C RU EHORZ 5�U� 1RWH WKDW
$LQW�C OLHV EHORZ 5�C DQG $LQW�U OLHV EHORZ 5�U�
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ZKHUH WKH LQHTXDOLWLHV DUH REYLRXV LI RQH QRWHV WKDW TP�{� b AT KDV WKH RSSRVLWH VLJQ WR { b A{��� :H
KDYH WKH DOWHUQDWLYH IRUPXODWLRQV
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7KH H[SUHVVLRQ JLYHQ IRU WKH PLQLPLVLQJ TXDQWLW\ LV VLPSO\ D PDQLSXODWLRQ RI WKH ULJKW�KDQG VLGH

RI �'���� ZKLFK ZKHQ VXEVWLWXWHG LQWR �'��� \LHOGV WKH H[SUHVVLRQ IRU WKH FRUUHVSRQGLQJ PLQLPXP�

)LQDOO\� ZH VKRZ WKDW WKH RSWLPLVDWLRQ SUREOHPV KDYH WKH XQLTXH FRUQHU VROXWLRQ TPD[ LI �{� Y� OLHV
RQ RU DERYH 5C EXW WR WKH OHIW RI 5F� DQG WKH XQLTXH FRUQHU VROXWLRQ TPLQ LI �{� Y� OLHV RQ RU DERYH 5U

EXW WR WKH ULJKW RI 5F� IRU �{� Y� � 5F ERWK FRUQHU VROXWLRQV DUH RSWLPDO�

/HPPD '�� /HW AT OLH LQ WKH LQWHULRU RI 4P� )RU �{� Y� V� � $ d ,5�� WKH PLQLPLVDWLRQ SUREOHP LQ
�'��� KDV WKH FRUQHU VROXWLRQ TPD[ LI DQG RQO\ LI �{� Y� � $PD[ > 5F� DQG WKH FRUQHU VROXWLRQ TPLQ LI
DQG RQO\ LI �{� Y� � $PLQ > 5F� ZKHUH

$PD[  

�
�{� Y� � $ � Y w APb �

� cm >TPD[ b AT@ �{ b A{�

DQG { � A{ �
�

cm

TF b AT
>TPD[ b AT@ >AT b TPLQ@

�Y b AP�

�

DQG

$PLQ  

�
�{� Y� � $ � Y w AP� �

�
cm >AT b TPLQ@ �{ b A{�

DQG { ! A{ �
�

cm

TF b AT
>TPD[ b AT@ >AT b TPLQ@

�Y b AP�

�
�

3URRI� ,Q OLJKW RI WKH SUHYLRXV OHPPD� ZH NQRZ WKDW FRUQHU VROXWLRQV ZLOO SUHYDLO LQ WKH VXE�UHJLRQV
XQGHU FRQVLGHUDWLRQ� $OVR� LW LV HDV\ WR VHH IURP WKH DOWHUQDWLYH SDUDPHWHULVDWLRQ RI WKH FHQWUDO UD\�
QDPHO\

Y  AP� �
�
cm

>TPD[ b AT@ >AT b TPLQ@

TF b AT �{ b A{�
IRU TF � AT� ZKHUH TF  �

�
�TPLQ � TPD[�� WKDW 5F OLHV EHWZHHQ 5C DQG 5U�

,Q WKLV UHJLRQ� WKH ERUGHUOLQH FDVH DULVHV ZKHQ TPD[ DQG TPLQ DUH ERWK RSWLPDO DQG JLYH WKH VDPH
YDOXH RI ~ �{� V LQ �'���� 7KLV LV WKH FDVH LI DQG RQO\ LI

n�{� >TPD[ b TP�{�@� � Y bP�{�

>TPD[ b AT@�
 

n�{� >TPLQ b TP�{�@� � Y bP�{�

>TPLQ b AT@�
DQG VLPSOLnFDWLRQ OHDGV WR

{  A{ �
�

cm

TF b AT
>TPD[ b AT@>AT b TPLQ@

�Y b AP� �

7KXV ERWK H[WUHPH TXDQWLWLHV DUH RSWLPDO IRU �{� Y� � 5F�
,W IROORZV LPPHGLDWHO\ WKDW TPD[ LV XQLTXHO\ RSWLPDO IRU �{� Y� � $PD[� WR WKH OHIW RI 5F� DQG TPLQ

LV XQLTXHO\ RSWLPDO IRU �{� Y� � $PLQ� WR WKH ULJKW RI 5F�

��8VLQJ WKHVH WZR LQHTXDOLWLHV� LW LV HDV\ WR VHH WKDW 5C FXWV WKH D[LV {  � DERYH P���� DQG WKDW
5U FXWV WKH YHUWLFDO OLQH {  � DERYH P����

��



( 7KH 8QGLVFRXQWHG &DVH

,Q WKH DEVHQFH RI GLVFRXQWLQJ� WKH PRQRSROLVW XVHV WKH FDWFKLQJ�XS FULWHULRQ WR FKRRVH DPRQJVW DG�
PLVVLEOH VWUDWHJLHV� JLYHQ D SULRU EHOLHI {� KH ORRNV IRU D VWUDWHJ\ Te � 4 ZKLFK� LQ WKH ORQJ UXQ� GRHV
DW OHDVW DV ZHOO DV DQ\ RWKHU VWUDWHJ\ LQ WKH VHQVH WKDW OLP LQI7�� ({>5

T
e

7 b 5T

7 @ w � IRU DOO T � 4�
ZKHUH

5T

7  

= 7

�

TW >�mNW b nNWTW� GW � }G=W@

LV WKH SURFHVV RI FXPXODWLYH UHYHQXHV� 7KH DJHQW DFKLHYHV WKLV JRDO E\ PD[LPLVLQJ WKH WUDQVLHQW SD\�
Rm� WKDW LV� WRWDO H[SHFWHG UHYHQXH QHW RI WKH KLJKHVW SRVVLEOH ORQJ�UXQ DYHUDJH SD\�Rm� ,QGHHG� LW FDQ
EH VKRZQ WKDW D VWUDWHJ\ ZKLFK DFKLHYHV WKH PD[LPXP WUDQVLHQW SD\�Rm LV FDWFKLQJ�XS RSWLPDO�

(�� 1R 6WDWH 6ZLWFKLQJ �U  �� e  ��

/HW e  �� VR WKH VWDWH RI GHPDQG LV n[HG RYHU WLPH� 7KHQ� WKH PRQRSROLVW FDQ DFKLHYH D ORQJ�
UXQ DYHUDJH SD\�Rm DUELWUDULO\ FORVH WR WKH IXOO�LQIRUPDWLRQ SD\�Rm� WKDW LV� P��� LI WKH WUXH VWDWH
LV N  �� DQG P��� LI WKH WUXH VWDWH LV N  �� ,Q IDFW� LW VXpFHV WR IROORZ DQ\ DGPLVVLEOH SROLF\
ZKLFK FRLQFLGHV ZLWK WKH P\RSLF SROLF\ TP IRU EHOLHIV FORVH WR � DQG �� DQG LV ERXQGHG DZD\ IURP WKH
FRQIRXQGLQJ TXDQWLW\ AT LQ FDVH WKH ODWWHU OLHV LQ WKH LQWHULRU RI 4P� WKH UDQJH RI WKH P\RSLF SROLF\� %\
WKH PDUWLQJDOH FRQYHUJHQFH WKHRUHP DQG WKH VWDQGDUG ERXQGDU\ FODVVLnFDWLRQ IRU GLmXVLRQ SURFHVVHV�
EHOLHIV ZLOO FRQYHUJH WR WKH WUXWK ZLWK SUREDELOLW\ RQH��� DQG WKH TXDQWLW\ FKRVHQ ZLOO DSSURDFK WKH
TXDQWLW\ ZKLFK LV RSWLPDO IRU WKH WUXH GHPDQG� *LYHQ WKH LQLWLDO EHOLHI {� WKH DJHQW
V REMHFWLYH LV
WKHUHIRUH WR PD[LPLVH WKH WUDQVLHQW SD\�Rm

XT�{�  ({

�= �

�

>5�N� TW�bP�N�@ GW

w

ZKHUH N LV WKH XQNQRZQ VWDWH RI GHPDQG� %\ WKH ODZ RI LWHUDWHG H[SHFWDWLRQV�

XT�{�  ({

�= �

�

>5�{W� TW�bP�{W�@ GW

w

ZKHUH

P�{�  { P��� � ��b {�P���

LV WKH H[ DQWH IXOO�LQIRUPDWLRQ SD\�Rm�

6WDQGDUG UHVXOWV LPSO\ WKDW WKH YDOXH IXQFWLRQ Xe�{�  VXS
T�4 XT�{� VROYHV WKH %HOOPDQ HTXDWLRQ

PD[
T�4

j
�
�
h��{� T�X���{�bP�{� �5�{� T�

k
 � �(���

VXEMHFW WR WKH ERXQGDU\ FRQGLWLRQV X���  X���  �� 0RUHRYHU� LI D IXQFWLRQ X VROYHV �(��� ZLWK WKHVH
ERXQGDU\ FRQGLWLRQV� DQG WKHUH LV DQ DGPLVVLEOH SROLF\ IXQFWLRQ T � >�� �@� 4 VXFK WKDW

T�{� � DUJPD[
T�4

j
�
�
h��{� T�X���{�bP�{� �5�{� T�

k
�(���

IRU DOO {� WKHQ X  Xe DQG WKH JLYHQ SROLF\ LV RSWLPDO�

,Q YLHZ RI WKH UHVXOWV RI 6HFWLRQ ���� SURSHUW\ �(��� LV HTXLYDOHQW WR T�{� � 2�{�P�{��� 0RUHRYHU�
WKH DpQH IXQFWLRQ P WULYLDOO\ VROYHV WKH 2'( ���� IRU U  � DQG e  � ZLWK P���  P��� DQG
P���  P��� DV ERXQGDU\ YDOXHV� :H FDQ WKHUHIRUH VLPSO\ GHnQH WKH DGMXVWHG YDOXH IXQFWLRQ DV
Ye  P�

��:H DUH DVVXPLQJ KHUH WKDW WKH DJHQW GRHV QRW DVVLJQ SULRU SUREDELOLW\ ]HUR WR WKH WUXH VWDWH� 6HH
.DUOLQ DQG 7D\ORU ������ IRU WKH FODVVLnFDWLRQ RI ERXQGDU\ SRLQWV�

��



(�� 6WDWH 6ZLWFKLQJ �U  �� e ! ��

:H QRZ DVVXPH e ! �� /HW te EH WKH KLJKHVW ORQJ�UXQ DYHUDJH SD\�Rm DFKLHYDEOH ZLWK D VWUDWHJ\
T � 4� $FFRUGLQJ WR WKH LQWURGXFWRU\ UHPDUNV WR WKLV VHFWLRQ� WKH PRQRSROLVW
V REMHFWLYH LV WKHQ WR
PD[LPLVH

XT�{�  ({

�= �

�

>5�NW� TW�b te@ GW

w
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�= �
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>5�{W� TW�b te@ GW

w
�

WKH WUDQVLHQW SD\�Rm DV PHDVXUHG DJDLQVW WKH EHQFKPDUN te�
,W FDQ EH VKRZQ WKDW te DQG WKH YDOXH IXQFWLRQ Xe�{�  VXS

T�4 XT�{� VROYH WKH %HOOPDQ HTXDWLRQ

PD[
T�4

j
�
�
h��{� T�X���{� � w�{�X��{�b t �5�{� T�

k
 � �(���

DOPRVW HYHU\ZKHUH VXEMHFW WR WKH ERXQGDU\ FRQGLWLRQV t b w���X����  P��� DQG t b w���X����  
P������ &RQYHUVHO\� LI D UHDO QXPEHU t DQG D IXQFWLRQ X VROYH �(��� ZLWK WKH VWDWHG ERXQGDU\ FRQGL�
WLRQV� DQG WKHUH LV DQ DGPLVVLEOH SROLF\ IXQFWLRQ T � >�� �@� 4 VXFK WKDW

T�{� � DUJPD[
T�4

j
�
�
h��{� T�X���{� � w�{�X��{�b t �5�{� T�

k
�(���

IRU DOO {� WKHQ t  te� X LV WKH YDOXH IXQFWLRQ XS WR D FRQVWDQW RI LQWHJUDWLRQ� DQG WKH JLYHQ SROLF\ LV
RSWLPDO�

*LYHQ WKH DERYH ERXQGDU\ FRQGLWLRQV DQG WKH IDFW WKDW �(��� LV HTXLYDOHQW WR T�{� � 2�{� t b
w�{�X��{��� ZH GHnQH WKH DGMXVWHG YDOXH IXQFWLRQ E\ Ye�{�  te b w�{� �Xe���{�� $V WKH DQDO\VLV LQ
$SSHQGL[ ' UHPDLQV YDOLG IRU U  � ZLWK Y QRZ VWDQGLQJ IRU tbw�{�X��{� DQG V UHSUHVHQWLQJ X���{� ��
ZH FDQ DUJXH DV LQ 6HFWLRQ ���� DQG VKRZ WKDW WKLV Ye LV LQGHHG D VROXWLRQ �ZLWK WKH FDYHDWV VWDWHG
WKHUH� RI WKH 2'( ���� IRU U  � DQG e ! ��

) &RQYH[LW\ RI WKH $GMXVWHG 9DOXH )XQFWLRQ

)L[ a{ � @�� �>� e ! � DQG U w �� )RU N ! �� OHW ZN � @�� �> bIa{J � ,5 EH WKH IXQFWLRQ GHnQHG LPSOLFLWO\
E\ WKH HTXDWLRQ

*�{�ZN�{��  N ~ �{� M{ b a{Mb�bU e

ZLWK * JLYHQ LQ HTXDWLRQ ����� 7KHQ ZH KDYH WKH IROORZLQJ IDFWV�

q ZN w P� ZLWK HTXDOLW\ DW {  � DQG �� DQG D VWULFW LQHTXDOLW\ HYHU\ZKHUH HOVH�

q ZN KDV D SROH DW {  a{�

q Z��N�{� ! � XQOHVV �{�ZN�{�� � 5F �VHH /HPPD )�� EHORZ��

q U *�{�ZN�{�� � e
j
I�{�*�{�ZN�{�� � �{ b a{� G

G{*�{�ZN�{��
k
 � IRU DOO {� a{�

7KLV ODVW SURSHUW\ H[SODLQV RXU LQWHUHVW LQ WKH IDPLO\ RI IXQFWLRQV ZN� ,Q IDFW� VLQFH
G
G{*�{� Y�{�� LV

VWULFWO\ LQFUHDVLQJ LQ Y��{�� ZH KDYH WKH IROORZLQJ FKDUDFWHULVDWLRQ IRU WKH FXUYDWXUH RI Ye RQ WKH VHW
I{ � Ye�{� ! P�{�J���

/HPPD )�� /HW { EH VXFK WKDW Ye�{� ! P�{� DQG �{� Ye�{���� 5F� 7KHQ �Ye����{� ! � LI {  a{� ,I
{ � a{� OHW Z EH WKDW IXQFWLRQ ZN ZKLFK FRLQFLGHV ZLWK Ye DW {� 7KHQ �Ye����{� ! � LI DQG RQO\ LI HLWKHU
{ � a{ DQG �Ye���{� � Z��{�� RU { ! a{ DQG �Ye���{� ! Z��{��

��0RUHRYHU� Xe SRVVHVVHV WKH VDPH UHJXODULW\ SURSHUWLHV DV WKH YDOXH IXQFWLRQ LQ WKH GLVFRXQWHG FDVH�
DUJXPHQWV VLPLODU WR WKRVH JLYHQ LQ $SSHQGLFHV % DQG & DSSO\� 7KH GLVFXVVLRQ LQ 6HFWLRQV ��� DQG
��� UHJDUGLQJ FRQGLWLRQV IRU H[SHULPHQWDWLRQ DQG WKH FRQIRXQGLQJ TXDQWLW\ FDUULHV RYHU DV ZHOO�
��1RWH WKDW LI Ye�{�  P�{� ZLWK {� A{� WKHQ WULYLDOO\ �Ye����{� ! � VLQFH P���{� ! ��

��



3URRI� 7KLV IROORZV GLUHFWO\ IURP WKH IDFW WKDW Ye VROYHV WKH 2'( ���� DW {�

:H VKDOO XVH WKLV WR SURYH WKDW WKH DGMXVWHG YDOXH IXQFWLRQ LV VWULFWO\ FRQYH[ ZKHQHYHU H[SHULPHQ�
WDWLRQ LV PRGHUDWH�

3URSRVLWLRQ )�� ,I AT LV QRW LQ WKH LQWHULRU RI 4P� WKHQ �Ye��� ! � RQ @�� �>�

3URRI� 6XSSRVH WKDW �Ye����{\� � � ZLWK � � {\ � �� ZLWKRXW ORVV RI JHQHUDOLW\� ZH DVVXPH WKDW
{\ � a{� /HW N\ ! � EH VXFK WKDW WKH IXQFWLRQ Z\  ZN\ FRLQFLGHV ZLWK Ye DW {\� %\ WKH DERYH OHPPD�
�Ye���{\� w �Z\���{\�� 1RZ� WKH VWULFW FRQYH[LW\ RI WKH IXQFWLRQV ZN LPSOLHV WKDW �Y

e���{� ! Z�N�{�
IRU { � {\ VXpFLHQWO\ FORVH WR {\ DQG N � N\ VXpFLHQWO\ FORVH WR N\� 6R �Ye��� LV VWULFWO\ QHJDWLYH
LPPHGLDWHO\ WR WKH OHIW RI {\� 2Q WKH RWKHU KDQG� Ye FDQQRW EH VWULFWO\ FRQFDYH RQ WKH ZKROH RI @�� {\>
VLQFH WKLV ZRXOG LPSO\ �Ye�� ! Z� RQ @�� {\> DQG KHQFH Ye��� � Z\���  P���� 7KHUHIRUH� WKHUH PXVW
EH SRVLWLYH { � {\ VXFK WKDW �Ye����{�  � DJDLQ� OHW {] EH WKH ELJJHVW VXFK {� DQG Z] WKDW IXQFWLRQ ZN

ZKLFK LV WDQJHQW WR Ye DW {]� 2Q >{]� {\@� Z] DQG Z\ DUH VWULFWO\ FRQYH[� ZKLOH Ye LV VWULFWO\ FRQFDYH�
7KLV LPSOLHV Z]�{]� � Z\�{]� DQG Z]�{\� ! Z\�{\�� VR Z] DQG Z\ PXVW LQWHUVHFW VRPHZKHUH RQ
@{]� {\> ^ D FRQWUDGLFWLRQ� 7KH VDPH DUJXPHQW FDQ EH XVHG WR WKH ULJKW RI a{�

3URSRVLWLRQ )�� 6XSSRVH WKDW AT OLHV LQ WKH LQWHULRU RI 4P DQG Ye�A{�  AP� 7KHQ Ye LV VWULFWO\
FRQYH[ ZLWK �Ye��� ! � RQ @�� �> bIA{J� DQG DW PRVW RQH RI WKH RQH�VLGHG GHULYDWLYHV �'bY

e��A{� DQG
�'�Y

e��A{� FDQ EH GLmHUHQW IURP ]HUR� ,Q IDFW� LI A{ � a{� WKHQ �'�Y
e��A{�  � DQG �'bY

e��A{� �
�� DQG LI A{ ! a{� WKHQ �'bY

e��A{�  � DQG �'�Y
e��A{� w �� ,I Ye LV GLmHUHQWLDEOH DW A{� WKHQ WKH

UDWLR >Ye�{� b AP@ >P�{� b AP@ FRQYHUJHV WR D nQLWH OLPLW DV { � A{� ,I Ye KDV D NLQN DW A{� WKHQ
>Ye�{�b AP@ >P�{�b AP@ FRQYHUJHV WR D nQLWH OLPLW DV { DSSURDFKHV A{ IURP WKH GLUHFWLRQ RI a{�

3URRI� :H nUVW FRQYLQFH RXUVHOYHV WKDW ZH FDQ DVVXPH TF  AT ZLWKRXW ORVV RI JHQHUDOLW\� ,Q IDFW�
VXSSRVH ZH KDYH VKRZQ WKH VWDWHG SURSHUWLHV IRU WKH DGMXVWHG YDOXH IXQFWLRQ Ye LQ WKLV SDUWLFXODU FDVH�
7KHQ VWULFW FRQYH[LW\ RI Ye LPSOLHV WKDW Ye � PC RQ @�� A{> DQG Ye � PU RQ @A{� �> ZLWK PC DQG PU EHLQJ
WKH IXQFWLRQV ZKRVH JUDSKV DUH WKH VWUDLJKW OLQHV MRLQLQJ WKH SRLQW �A{� AP� ZLWK WKH SRLQWV ���P����
DQG ���P����� UHVSHFWLYHO\� ,Q SDUWLFXODU� WKH JUDSK RI Ye OLHV HQWLUHO\ LQ WKH FORVXUH RI $LQW�C >$LQW�U�
$UJXLQJ H[DFWO\ DV LQ WKH SURRI RI 3URSRVLWLRQ ���� ZH VHH WKDW Ye LV WKH DGMXVWHG YDOXH IXQFWLRQ IRU
DQ\ TPD[ DQG TPLQ VXFK WKDW >TPLQ� TPD[@ u 4P� 6R ZH KDYH WKH VWDWHG SURSHUWLHV RI WKH DGMXVWHG YDOXH
IXQFWLRQ IRU TF � AT DV ZHOO�

6XSSRVH WKHUHIRUH WKDW TF  AT� LPSO\LQJ WKDW WKH FHQWUDO UD\ 5F LV YHUWLFDO� 7KLV VLPSOLnHV WKH
IROORZLQJ DQDO\VLV VLQFH LW UXOHV RXW LQWHUVHFWLRQV EHWZHHQ WKH JUDSK RI Ye DQG 5F� VR ZH GR QRW KDYH
WR ZRUU\ DERXW WKH CEUHDN
 LQ ���� DORQJ 5F�

%HORZ� ZH ZLOO PDNH UHSHDWHG XVH RI WKH IROORZLQJ REVHUYDWLRQ�

�Ye���{�b �e �{ b a{�*�{� Ye�{�� ~ �{� LV FRQWLQXRXV RQ >�� �@� �)���

,Q IDFW� WKH GHnQLWLRQ RI WKH DGMXVWHG YDOXH IXQFWLRQ LQ ���� DQG WKH 2'( ���� WRJHWKHU ZLWK LWV
XQGLVFRXQWHG YDULDQW LPSO\ WKDW WKLV H[SUHVVLRQ HTXDOV �� � e U��Xe���{� LI U ! �� DQG e�Xe���{�
RWKHUZLVH� 6R �)��� IROORZV IURP FRQWLQXLW\ RI �Xe���

:H FDQ QRZ WXUQ WR WKH SURRI RI FRQYH[LW\ RI Ye� )RU WKH VDNH RI FRQFUHWHQHVV� ZH DVVXPH WKDW
A{ � a{� $JDLQ� WKLV LV ZLWKRXW ORVV RI JHQHUDOLW\� VLQFH ZH FRXOG DOZD\V UHODEHO WKH GHPDQG FXUYHV�

:H FRQVLGHU WKH VXELQWHUYDO OHIW RI A{ nUVW� 6XSSRVH WKDW �Ye��� � � RQ @�� A{>� )RU DQ\ { LQ WKLV
LQWHUYDO� WKH IXQFWLRQ ZN WKDW VDWLVnHV ZN�{�  Ye�{� PXVW WKHQ KDYH Z�N�{� � �Ye���{� E\ WKH DERYH
OHPPD� ,Q IDFW� WKH HTXDOLW\ Z�N�{�  �Ye���{� LV SUHFOXGHG VLQFH LW ZRXOG LPSO\ FRQYH[LW\ RI Ye

LPPHGLDWHO\ WR WKH ULJKW RI {� %XW Z�N�{� � �Ye���{� FDQQRW KROG RQ WKH ZKROH RI @�� A{> HLWKHU� RQFH
ZN KDV FURVVHG Ye IURP DERYH LW KDV WR FURVV LW IURP EHORZ ODWHU VR DV WR UHDFK WKH YDOXH ZN�A{� ! AP�
7KXV� ZH PXVW KDYH LQII{ � @�� A{>� �Ye����{� ! �J � A{� 7KH VDPH DUJXPHQW DV LQ WKH SUHYLRXV SURRI
QRZ VKRZV WKDW WKLV LQnPXP LV ��

$UJXLQJ RQFH PRUH DV LQ WKH SUHYLRXV SURRI� ZH DOVR VHH WKDW �Ye��� ! � RQ @a{� �>� 1RZ OHW
{\  LQII{ ! A{ � �Ye����{� ! �J� :H NQRZ WKDW �Ye����a{� ! �� VR A{ � {\ � a{� 6XSSRVH {\ ! A{�
$UJXLQJ DJDLQ DV LQ WKH SUHYLRXV SURRI� ZH FDQ VKRZ WKDW �Ye��� � � LPPHGLDWHO\ WR WKH OHIW RI {\�

��



PRUHRYHU� �Ye��� PXVW EH QHJDWLYH RQ WKH ZKROH RI @A{� {\> VLQFH WKH H[LVWHQFH RI D {] LQ WKLV LQWHUYDO
ZLWK �Ye����{]� w � ZRXOG OHDG WR D FRQWUDGLFWLRQ� 7KXV� WKH RQH�VLGHG GHULYDWLYHV RI Ye DW A{ DUH
ZHOO GHnQHG� DQG ZH KDYH �'bY

e��A{� � � DQG �'�Y
e��A{� ! � VLQFH Ye w P� P��A{�  � DQG Ye LV

VWULFWO\ FRQFDYH LPPHGLDWHO\ WR WKH ULJKW RI A{� ,Q YLHZ RI �)���� ZH FRQFOXGH WKDW *�{� Ye�{�� KDV
RQH�VLGHG OLPLWV DW A{ ZLWK OLP{�A{b*�{� Ye�{�� ! OLP{�A{�*�{� Ye�{��� 7KH H[SOLFLW UHSUHVHQWDWLRQ
IRU * LQ ����^���� VKRZV WKDW WKHVH OLPLWV OLH LQ WKH LQWHUYDO >�� n�A{�@� +RZHYHU� �'�Y

e��A{� ! � LPSOLHV
OLP{�A{�*�{� Ye�{��  n�A{� DQG KHQFH OLP{�A{b*�{� Ye�{�� ! n�A{� ^ D FRQWUDGLFWLRQ� 7KHUHIRUH
{\  A{ DQG �Ye��� ! � RQ WKH ZKROH RI @�� �> bIA{J� 0RUHRYHU� ZH KDYH VKRZQ WKDW �'�Ye��A{�  ��

7KH OHIW�KDQG GHULYDWLYH �'bY
e��A{� H[LVWV DOVR DQG LV QRQ�SRVLWLYH� �)��� WKHUHIRUH LPSOLHV WKH

H[LVWHQFH RI RQH�VLGHG OLPLWV OLP{�A{b*�{� Ye�{�� w OLP{�A{�*�{� Ye�{�� LQ WKH LQWHUYDO >�� n�A{�@� WKH
LQHTXDOLW\ EHLQJ VWULFW Lm �'bY

e��A{� � �� +DYLQJ HVWDEOLVKHG FRQYH[LW\ RI Ye� ZH DOVR NQRZ WKDW LWV
JUDSK OLHV HQWLUHO\ LQ WKH UHJLRQ DVVRFLDWHG ZLWK LQWHULRU TXDQWLWLHV� 6R WKH UHOHYDQW H[SUHVVLRQ IRU WKH
IXQFWLRQ * LV *�{� Y�  n�{�>Y bP�{�@ >Y b AP@� :H FDQ QRZ SURYH WKH UHVW RI WKH SURSRVLWLRQ�

,I �'bY
e��A{� � �� WKHQ OLP{�A{�*�{� Ye�{�� � OLP{�A{b*�{� Ye�{��  n�A{� ZKHUH WKH HTXDOLW\

IROORZV E\ /
+ARSLWDO
V UXOH� 6LQFH >Y b AP@ >P�{� b AP@  n�{� >n�{� b *�{� Y�@� WKLV SURYHV WKDW
>Ye�{�b AP@ >P�{�b AP@ WHQGV WR D nQLWH OLPLW DV { � A{��

,I �'bY
e��A{�  �� RQ WKH RWKHU KDQG� WKHQ *�{� Ye�{�� DSSURDFKHV WKH VDPH OLPLW IURP ERWK

VLGHV RI A{� ,I WKLV OLPLW LV VWULFWO\ VPDOOHU WKDQ n�A{�� WKHQ WKH TXRWLHQW >Ye�{� b AP@ >P�{� b AP@
FRQYHUJHV WR D nQLWH OLPLW DV { � A{ �FI� WKH H[SUHVVLRQ IRU WKLV TXRWLHQW JLYHQ LQ SUHYLRXV SDUDJUDSK��
6XSSRVH WKHUHIRUH WKDW OLP{�A{ *�{� Y

e�{��  n�A{�� KHQFH OLP{�A{ >Y
e�{� b AP@ >P�{� b AP@  ��� ,I

�G G{�*�{� Ye�{�� VWD\V ERXQGHG DERYH LQ D QHLJKERXUKRRG RI A{� WKHQ �Ye��� DOVR UHPDLQV ERXQGHG
EHFDXVH RI 2'( ����� EXW WKHQ WKH PHDQ YDOXH WKHRUHP LPSOLHV WKDW WKH TXRWLHQW >Ye�{�b AP@ >P�{�b AP@
VWD\V ERXQGHG DV ZHOO� 6R �G G{�*�{� Ye�{�� PXVW EH XQERXQGHG DERYH DV { DSSURDFKHV A{� *LYHQ
WKDW A{ � a{� ���� QRZ LPSOLHV WKDW �Ye��� LV XQERXQGHG EHORZ ^ D FRQWUDGLFWLRQ WR FRQYH[LW\�

:H VWLOO KDYH WR VKRZ WKDW WKH IXQFWLRQV ZN DUH WKHPVHOYHV FRQYH[�

/HPPD )�� )RU N ! �� WKH IXQFWLRQ ZN LV VWULFWO\ FRQYH[ DW DOO { � @�� �> bIa{J VXFK WKDW �{�ZN�{����
5F�

3URRI� :H n[ D N ! � DQG VLPSO\ ZULWH Z IRU WKH FRUUHVSRQGLQJ IXQFWLRQ ZN�
:H nUVW FRQVLGHU { VXFK WKDW �{�Z�{�� OLHV LQ RQH RI WKH UHJLRQV DVVRFLDWHG ZLWK DQ LQWHULRU

TXDQWLW\� ,W LV VWUDLJKWIRUZDUG WR VKRZ WKDW LQ WKHVH UHJLRQV� Z VDWLVnHV WKH nUVW�RUGHU 2'(
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ZLWK
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'LmHUHQWLDWLQJ ERWK VLGHV DQG XVLQJ WKH 2'( WR UHSODFH Z��{�� ZH nQG WKDW Z���{� LV D TXDGUDWLF LQ
Z�{�bP�{� PXOWLSOLHG E\ D SRVLWLYH IDFWRU�

Z��  
d
D �Z bP�� � E �Z bP� � F

e
G

ZLWK

D  �.��

E  �.� b. ���Pb AP�b �.P��

F  �Pb AP�P���

G  �Z b AP� �Pb AP���

ZKHUH ZH KDYH VXSSUHVVHG WKH GHSHQGHQFH RI WKH IXQFWLRQV .� P DQG Z RQ {� &OHDUO\ D ! � DQG�
VLQFH P ! AP DQG P LV FRQYH[� ZH DOVR KDYH F ! �� 7KXV� LI E w �� WKHQ Z�� ! � DQG ZH DUH GRQH�

6XSSRVH WKHUHIRUH WKDW E � �� :H KDYH WR VKRZ WKDW WKH DERYH TXDGUDWLF LQ Z bP KDV QR UHDO
URRWV� 7KLV LV WKH VDPH DV VKRZLQJ E�b�DF � �� RU HTXLYDOHQWO\ �E��SDF��Eb�SDF� � �� 6LQFH ZH DUH

��



GHDOLQJ ZLWK WKH FDVH E � �� WKH VHFRQG IDFWRU LV QHJDWLYH� VR DOO ZH KDYH WR VKRZ LV WKDW E��
S
DF ! ��

L�H��
�.� b. ���Pb AP�b �.P� � �

S
�.��Pb AP�P�� ! �

ZKHQ �.� b. ���Pb AP�b �.P� � ��
)LUVW� ZH FDQ VKRZ WKDW .� b. � ! �� ,QGHHG� .� b. �  >�U e�� ��U e�I���I�@ �{b a{�� ZLWK

I��{�  Ia{��b {� >��b {� �n� � n�{�� � ��b {�n� � n�{�@
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ZKLFK DUH SRVLWLYH E\ LQVSHFWLRQ� 7KLV OHDGV WR WKH IXUWKHU VLPSOLnFDWLRQ WKDW WKH RQO\ FDVH ZH QHHG
FRQVLGHU LV ZKHQ .P� ! ��

,W ZLOO EH PRUH FRQYHQLHQW WR UHZULWH P�{� DQG LWV GHULYDWLYHV LQ WHUPV RI TP�{� DQG AT DV IROORZV�

Pb AP  n �TP b AT�� � P�  bcn TP �TP b AT� � P��  
cn�

�n
��TP b AT��

ZKHUH DJDLQ ZH KDYH VXSSUHVVHG WKH GHSHQGHQFH RI WKH IXQFWLRQV n� P DQG TP RQ {� +DYLQJ PDGH
WKHVH VXEVWLWXWLRQV� WKH H[SUHVVLRQ ZKLFK ZH ZLVK WR VKRZ LV SRVLWLYH EHFRPHV

n �.� b. �� �TP b AT�� � �cn I.TP �TP b AT� � M.M MTP b ATM M�TP b ATMJ �
DQG ZH QHHG FRQVLGHU RQO\ WKH FDVH ZKHQ . �TP b AT� � ��

&DVH �� . � �� TP b AT ! �� 7KH H[SUHVVLRQ LQ EUDFHV EHFRPHV

b M.M TP �TP b AT� � M.M �TP b AT� ��TP b AT�  M.M �TP b AT�� �
VR ZH DUH GRQH�

&DVH �� . ! �� TP b AT � �� 7KLV WLPH WKH H[SUHVVLRQ LQ EUDFHV EHFRPHV

b.TP MTP b ATM�. MTP b ATM M�TP b ATM  . MTP b ATM �M�TP b ATM b TP� �

DQG ZH KDYH WZR VXEFDVHV�
&DVH �L� �TP w AT� 7KH DERYH H[SUHVVLRQ EHFRPHV

. MTP b ATM ��TP b AT b TP�  b. �TP b AT��

DQG WKH ZKROH H[SUHVVLRQ ZKLFK ZH ZLVK WR VKRZ LV SRVLWLYH EHFRPHV

n �.� b. �� �TP b AT�� b �cn . �TP b AT��  d
n �.� b. ��b �cn .

e
�TP b AT�� �

&DVH �LL� �TP � AT� 1RZ WKH H[SUHVVLRQ IRU &DVH � EHFRPHV

. MTP b ATM �b�TP � AT b TP�  . �AT b TP� �AT b �TP�
DQG WKH ZKROH H[SUHVVLRQ ZKLFK ZH ZLVK WR VKRZ LV SRVLWLYH EHFRPHV�

n �.� b. �� � �cn .
AT b �TP
AT b TP

w
�TP b AT�� �

%XW TP b AT � � DQG �TP � AT LPSO\ WKDW �AT b �TP� �AT b TP� ! b�� DQG VR WKH DERYH H[SUHVVLRQ LV
JUHDWHU WKDQ d

n �.� b. ��b �cn .
e
�TP b AT��

ZKLFK LV MXVW WKH H[SUHVVLRQ WKDW ZH IRXQG LQ &DVH �L�
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7KHUHIRUH� &DVH � FRPHV GRZQ WR VKRZLQJ WKDW WKH WHUP LQ VTXDUH EUDFNHWV LV SRVLWLYH� ,Q IDFW� LW
FDQ EH ZULWWHQ DV
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ZKLFK LV SRVLWLYH E\ LQVSHFWLRQ� 7KXV Z���{� ! � LQ WKH UHJLRQV DVVRFLDWHG ZLWK LQWHULRU VROXWLRQV�

:H VWLOO KDYH WR FRQVLGHU { VXFK WKDW �{�Z�{�� OLHV LQ D UHJLRQ DVVRFLDWHG ZLWK H[DFWO\ RQH RI WKH
H[WUHPH TXDQWLWLHV� 7KLV TXDQWLW\� ZKLFK FDQ EH HLWKHU TPD[ RU TPLQ� ZLOO EH GHQRWHG E\ T\� ,W LV
VWUDLJKWIRUZDUG WR VKRZ WKDW LQ VXFK D UHJLRQ� Z VDWLVnHV
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$V Z�{� ! 5�{� T\� E\ FRQVWUXFWLRQ� ZH RQO\ KDYH WR VKRZ WKDW /� b /� ! �� 7KLV IROORZV IURP WKH
UHSUHVHQWDWLRQ /� b /�  >�U e�� � �U e�J� � �J�@ �{ b a{�� ZKHUH
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DUH FOHDUO\ SRVLWLYH� WKLV UHSUHVHQWDWLRQ LV REWDLQHG E\ VHWWLQJ cn  � LQ WKH DERYH H[SUHVVLRQ IRU
.� b. ��

* 7ZR�3RLQW %RXQGDU\ 9DOXH 3UREOHPV

&RQVLGHU D VHFRQG�RUGHU GLmHUHQWLDO HTXDWLRQ RI WKH IRUP

{���b {�� Y��  ) >{� Y� Y�@ �*���

RQ VRPH RSHQ LQWHUYDO ,  @{C� {U> t @�� �>� :H DUH LQWHUHVWHG LQ nQGLQJ D VROXWLRQ WR WKLV 2'( ZKLFK
DVVXPHV SUHVSHFLnHG YDOXHV DW WKH WZR ERXQGDU\ SRLQWV RI WKH LQWHUYDO�

7KH H[LVWHQFH WKHRUHP SUHVHQWHG EHORZ UHTXLUHV WKH FRQFHSW RI D VXE� RU VXSHUVROXWLRQ WR WKLV
2'(� /HW Y EH D UHDO�YDOXHG FRQWLQXRXV IXQFWLRQ RQ ,  >{C� {U@ ZLWK D FRQWLQXRXV nUVW GHULYDWLYH RQ
, � 'HnQH IXQFWLRQV 'Y�� 'Y� � , � ,5 > Ih�J E\

�'Y���{�  OLP LQI
K��

Y��{ � K�b Y��{ b K�

�K
� �'Y���{�  OLP VXS

K��

Y��{ � K�b Y��{ b K�

�K
�

�1RWH WKDW IRU WZLFH GLmHUHQWLDEOH Y� WKH IXQFWLRQV 'Y� DQG 'Y� FRLQFLGH ZLWK Y���� 7KH IXQFWLRQ Y
LV FDOOHG D VXEVROXWLRQ RI WKH 2'( �*��� LI {��� b {��'Y� w ) >{� Y� Y�@ RQ , � 6LPLODUO\� Y LV FDOOHG D
VXSHUVROXWLRQ LI {���b {��'Y� � ) >{� Y� Y�@ RQ , � :H VSHDN RI D VWULFW VXEVROXWLRQ RU VXSHUVROXWLRQ LI
WKH UHVSHFWLYH LQHTXDOLW\ LV VWULFW RQ , �

)L[ IXQFWLRQV Y� Y � , � ,5 VDWLVI\LQJ Y � Y RQ , � *LYHQ DQ\ VXELQWHUYDO - t , � ZH VD\ WKDW WKH
IXQFWLRQ ) RQ WKH ULJKW�KDQG VLGH RI �*��� LV UHJXODU RQ - ZLWK UHVSHFW WR Y DQG Y LI LW LV FRQWLQXRXV
RQ '-  I�{� Y�� Y�� � - d ,5d ,5 � Y�{� � Y� � Y�{�J DQG WKHUH LV D FRQVWDQW &- GHSHQGLQJ RQO\ RQ
- VXFK WKDW M) >{� Y�� Y�@M � &- �� � MY�M� RQ '- �
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3URSRVLWLRQ *�� /HW � � {C � {U � �� $VVXPH WKDW Y � , � ,5 LV D VXEVROXWLRQ RI �*���� Y � , � ,5
D VXSHUVROXWLRQ� DQG Y � Y� ,I ) LV UHJXODU ZLWK UHVSHFW WR Y DQG Y RQ ,  >{C� {U@� WKHQ IRU DQ\
YC � >Y�{C�� Y�{C�@ DQG YU � >Y�{U�� Y�{U�@� WKHUH LV D FRQWLQXRXV IXQFWLRQ Y � , � ,5 ZKLFK VROYHV �*���
RQ , ZLWK Y � Y � Y DQG VDWLVnHV WKH ERXQGDU\ FRQGLWLRQV Y�{C�  YC DQG Y�{U�  YU� 0RUHRYHU� LI Y
LV D VWULFW VXEVROXWLRQ� WKHQ Y ! Y RQ ,� DQG LI Y LV D VWULFW VXSHUVROXWLRQ� WKHQ Y � Y RQ ,�

3URRI� 7KH H[LVWHQFH RI VXFK D VROXWLRQ Y IROORZV GLUHFWO\ IURP %HUQIHOG DQG /DNVKPLNDQWKDP
������ 7KHRUHP ������� 1RZ DVVXPH WKDW Y LV D VWULFW VXEVROXWLRQ DQG WKDW WKHUH LV D EHOLHI w{ � ,
VXFK WKDW Y�w{�  Y�w{�� 7KHQ WKH IXQFWLRQ Y b Y KDV D ORFDO PLQLPXP DW w{� VR Y��w{�  Y��w{� DQG
Y���w{� w �'Y���w{�� <HW w{���b w{�� Y���w{�  ) >w{� Y�w{�� Y��w{�@  ) >w{� Y�w{�� Y��w{�@ � w{���b w{�� �'Y���w{�
_ D FRQWUDGLFWLRQ� 7KH FDVH RI D VWULFW VXSHUVROXWLRQ Y LV GHDOW ZLWK LQ WKH VDPH ZD\�

:H ZLOO QHHG WKH IROORZLQJ FRUROODU\ RI WKLV UHVXOW�

&RUROODU\ *�� *LYHQ {C � {F � {U LQ @�� �>� FRQVLGHU WKH 2'(V

{���b {�� Y��  )C>{� Y� Y
�@ �*���

RQ @{C� {F> DQG
{���b {�� Y��  )U>{� Y� Y

�@ �*���

RQ @{F� {U>� /HW YC � >{C� {F@� ,5 EH D VXEVROXWLRQ RI �*���� YC � >{C� {F@� ,5 D VXSHUVROXWLRQ RI �*����
YU � >{F� {U@ � ,5 D VXEVROXWLRQ RI �*��� DQG YU � >{F� {U@ � ,5 D VXSHUVROXWLRQ RI �*��� VXFK WKDW
YC � YC� YU � YU� YC�{F�  YU�{F� � YC�{F�  YU�{F�� Y

�
C�{Fb� � Y�U�{F�� DQG Y�C�{Fb� w Y�U�{F���

$VVXPH WKDW )C LV UHJXODU ZLWK UHVSHFW WR YC DQG YC RQ HDFK FORVHG LQWHUYDO FRQWDLQHG LQ @{C� {F@� DQG
)U LV UHJXODU ZLWK UHVSHFW WR YU DQG YU RQ HDFK FORVHG LQWHUYDO FRQWDLQHG LQ >{F� {U>� 7KHQ WKHUH LV D
GLmHUHQWLDEOH IXQFWLRQ Y � @{C� {U> � ,5 ZKLFK VROYHV �*��� RQ @{C� {F> DQG �*��� RQ @{F� {U> VXFK WKDW
YC � Y � YC RQ @{C� {F@ DQG YU � Y � YU RQ >{F� {U>�

3URRI� 3LHFLQJ WRJHWKHU YC� YU DQG YC� YU LQ WKH REYLRXV ZD\� ZH JHW FRQWLQXRXV IXQFWLRQV Y� Y �
>{C� {U@ � ,5� /HW q ! � EH VXFK WKDW {C � q � {F � {U b q� :H VKDOO FRQVWUXFW QXPEHUV DQ� DQ �
>Y�{F�� Y�{F�@ DQG IXQFWLRQV YQ� YQ ZLWK WKH IROORZLQJ SURSHUWLHV IRU DOO Q  �� �� � � ��

�L� DQ � DQ�

�LL� DQ�� w DQ DQG DQ�� � DQ�

�LLL� YQ� YQ � >{C � q� {U b q@ � ,5 DUH FRQWLQXRXV DQG VROYH �*��� RQ @{C � q� {F> DQG �*��� RQ
@{F� {U b q> VXEMHFW WR YQ�{C � q�  YQ�{C � q�  Y�{C � q�� YQ�{U b q�  YQ�{U b q�  Y�{U b q��
YQ�{F�  DQ� YQ�{F�  DQ�

�LY� Y�Q�{Fb� � Y�Q�{F�� DQG Y�Q�{Fb� w Y�Q�{F���

�Y� Y � YQ � YQ � Y RQ @{C � q� {U b q>�

�YL� YQ�� w YQ DQG YQ�� � YQ�

)RU Q  �� ZH VHW D�  Y�{F� DQG D�  Y�{F�� VR �L� KROGV� 8VLQJ 3URSRVLWLRQ *�� VHSDUDWHO\ WR
WKH OHIW DQG ULJKW RI {F� ZH nQG D IXQFWLRQ Y� VDWLVI\LQJ �LLL� DQG Y � Y� � Y� DQG D IXQFWLRQ Y�
VDWLVI\LQJ �LLL� DQG Y� � Y� � Y� 3URSHUW\ �LY� LV WKHQ REYLRXV� DQG D VLPSOH DUJXPHQW VLPLODU WR WKH
RQH JLYHQ DW WKH HQG RI WKH SUHYLRXV SURRI VKRZV �Y�� 6XSSRVH ZH KDYH FRQVWUXFWHG DQ� DQ� YQ DQG
YQ ZLWK �L� DQG �LLL�^�Y�� ,I Y

�
Q�{Fb�  Y�Q�{F�� RU Y

�
Q�{Fb�  Y�Q�{F��� ZH VLPSO\ VHW DQ��  DQ�

DQ��  DQ� YQ��  YQ DQG YQ��  YQ� 2WKHUZLVH� ZH FRQVLGHU D  �DQ � DQ� � DQG D FRQWLQXRXV
IXQFWLRQ Y � >{C � q� {U b q@ � ,5 ZKLFK VDWLVnHV YQ � Y � YQ DQG VROYHV �*��� RQ @{C � q� {F> DQG
�*��� RQ @{F� {U b q> VXEMHFW WR Y�{C� q�  Y�{C� q�� Y�{Ub q�  Y�{Ub q�� Y�{F�  D� 6XFK D IXQFWLRQ
H[LVWV E\ 3URSRVLWLRQ *��� DQG LW LV DJDLQ VWUDLJKWIRUZDUG WR VHH WKDW YQ � Y � YQ RQ @{C � q� {U b q>�
,I Y��{Fb� � Y��{F��� ZH VHW DQ��  D� DQ��  DQ� YQ��  Y DQG YQ��  YQ� LI Y

��{Fb� ! Y��{F��� ZH
VHW DQ��  DQ� DQ��  D� YQ��  YQ DQG YQ��  Y� 7KLV SURFHGXUH FOHDUO\ LPSOLHV �L�^�YL��
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,I QRQH RI WKH IXQFWLRQV YQ RU YQ LV GLmHUHQWLDEOH DW {F� WKHQ WKH VHTXHQFHV �DQ� DQG �DQ� FRQYHUJH
WR D FRPPRQ OLPLW D�� DQG E\ %HUQIHOG DQG /DNVKPLNDQWKDP ������ &RUROODU\ ������� WKH VHTXHQFHV
�YQ� DQG �YQ� KDYH VXEVHTXHQFHV FRQYHUJLQJ XQLIRUPO\ WR IXQFWLRQV Y� � Y� ZKLFK VROYH �*���
DQG �*��� RQ WKH UHVSHFWLYH RSHQ LQWHUYDOV� ZLWK WKH FRUUHVSRQGLQJ VXEVHTXHQFHV RI �Y�Q� DQG �Y

�
Q�

FRQYHUJLQJ WR Y�� DQG Y��� UHVSHFWLYHO\� $V Y��{F�  Y��{F�  D�� ZH KDYH Y���{Fb� w Y���{Fb�
DQG Y���{F�� � Y���{F��� 2Q WKH RWKHU KDQG� Y

�
��{Fb� � Y���{F�� DQG Y���{Fb� w Y���{F��� KHQFH

Y���{Fb� w Y���{Fb� w Y���{F�� w Y���{F�� w Y���{Fb�� LPSO\LQJ HTXDOLW\ WKURXJKRXW�
)RU DQ\ VPDOO q ! �� ZH FDQ WKHUHIRUH DOZD\V nQG D IXQFWLRQ Yq RQ >{C � q� {U b q@ ZKLFK VROYHV

�*��� RQ @{C�q� {F> DQG �*��� RQ @{F� {Ub q>� LV GLmHUHQWLDEOH DW {F� DQG VDWLVnHV Yq�{C� q�  Y�{C�q��
Yq�{U b q�  Y�{U b q�� DQG Y � Yq � Y HYHU\ZKHUH HOVH�

)LQDOO\� FRQVLGHU D VHTXHQFH YN � >{C�qN� {UbqN@� ,5 RI VXFK IXQFWLRQV IRU VPDOO SRVLWLYH QXPEHUV
�qN�N ������� FRQYHUJLQJ PRQRWRQLFDOO\ WR �� %\ %HUQIHOG DQG /DNVKPLNDQWKDP ������ 7KHRUHP �������
WKHUH LV DQ 1N ! � VXFK WKDW MY�M � 1N RQ >{C � qN� {U b qN@ IRU DQ\ VROXWLRQ O\LQJ EHWZHHQ Y DQG Y RQ
WKLV LQWHUYDO� 7KXV IRU DQ\ n[HG LQWHJHU . w � DQG DOO N w .� YN LV D VROXWLRQ VDWLVI\LQJ Y � YN � Y
DQG MY�NM � 1. RQ >{C � q. � {U b q. @� VR WKH VHTXHQFHV �YN�Nw. DQG �Y�N�Nw. DUH ERWK XQLIRUPO\
ERXQGHG DQG HTXLFRQWLQXRXV RQ WKDW LQWHUYDO� (PSOR\LQJ WKH VWDQGDUG GLDJRQDOLVDWLRQ DUJXPHQW� ZH
REWDLQ D VXEVHTXHQFH ZKLFK FRQYHUJHV XQLIRUPO\ RQ DOO FRPSDFW VXELQWHUYDOV RI @{C� {U> WR D IXQFWLRQ
Y ZLWK WKH GHVLUHG SURSHUWLHV�

2XU DQDO\VLV RI WKH %HOOPDQ HTXDWLRQ OHDG XV WR WKH IROORZLQJ VHFRQG�RUGHU GLmHUHQWLDO HTXDWLRQ
IRU WKH DGMXVWHG YDOXH IXQFWLRQ Ye�
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DQG * GHnQHG E\ HTXDWLRQ ����� :H VDZ WKDW * LV FRQWLQXRXVO\ GLmHUHQWLDEOH LQ WKH DUHD $ ZLWK WKH
H[FHSWLRQ RI WKH FHQWUDO UD\ LQ FDVH AT OLHV LQ WKH LQWHULRU RI 4P� LI WKLV LV WKH FDVH� ZH FRQVLGHU WKH
2'( VHSDUDWHO\ WR WKH OHIW DQG WR WKH ULJKW RI WKH FHQWUDO UD\� 7KURXJKRXW� ZH ZLOO DVVXPH WKDW DW
OHDVW RQH RI WKH SDUDPHWHUV U DQG e LV VWULFWO\ SRVLWLYH�

/HPPD *�� 7KH P\RSLF SD\�Rm IXQFWLRQ P LV D VWULFW VXEVROXWLRQ RI �*��� RQ @�� �> LI AT LV QRW LQ
WKH LQWHULRU RI 4P� DQG RQ @�� �> bIA{J RWKHUZLVH�

3URRI� P�� ! �� DQG ZH KDYH *�{�P�{��  � RQ WKH VWDWHG VHWV RI EHOLHIV�

/HPPD *�� 7KH IXOO LQIRUPDWLRQ SD\�Rm IXQFWLRQ P LV D VWULFW VXSHUVROXWLRQ RI �*����

3URRI� P��  �� VR ZH KDYH WR VKRZ WKDW WKH ULJKW�KDQG VLGH RI �*��� ZLWK Y�{� UHSODFHG E\
P�{�  ��b {�P��� � {P��� LV SRVLWLYH�

6XSSRVH nUVW WKDW �{�P�{�� OLHV WR WKH OHIW RI 5C RU WR WKH ULJKW RI 5U� 7KHQ WKDW ULJKW�KDQG VLGH
EHFRPHV
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ZLWK +�{�  >P�{�bP�{�@ >P�{�b AP@� 7KH nUVW WHUP LV FOHDUO\ SRVLWLYH� 7KH H[SUHVVLRQV LQ VTXDUH
EUDFNHWV DVVRFLDWHG ZLWK w� DQG w� VLPSOLI\ WR K��{� �P�{�b AP�� DQG K��{� �P�{�b AP�� UHVSHFWLYHO\�
ZKHUH K� DQG K� DUH TXDGUDWLFV LQ {�
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ZLWK .  n� n� >T
P���b TP���@�� 7KXV� K����  K����  . >P��� b AP@ DQG K����  K����  

. >P��� b AP@� VR K� DQG K� DUH ERWK QRQ�QHJDWLYH DW HDFK HQG RI WKH XQLW LQWHUYDO� $V WKH WZR
TXDGUDWLFV DUH VWULFWO\ PRQRWRQLF RQ >�� �@� WKH\ DUH ERWK QRQ�QHJDWLYH RYHU WKH HQWLUH XQLW LQWHUYDO�

1H[W FRQVLGHU { VXFK WKDW �{�P�{�� OLHV EHWZHHQ WKH UD\V 5C DQG 5U� ,Q VXFK D UHJLRQ� WKH
ULJKW�KDQG VLGH IRU P FDQ EH ZULWWHQ DV
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ZKHUH *�{�  �P�{�bP�{�� n�{�>T\b TP�{�@�� >T\ b AT@� DQG WKH TXDQWLW\ T\ LV HLWKHU TPD[ RU TPLQ�
$JDLQ� WKH nUVW WHUP LV FOHDUO\ SRVLWLYH� 7KH H[SUHVVLRQV LQ VTXDUH EUDFNHWV DVVRFLDWHG ZLWK w� DQG
w� VLPSOLI\ WR C��{� �{ >T

\ b AT@�� DQG C��{� ��� b {�>T\ b AT@�� UHVSHFWLYHO\� ZKHUH C� DQG C� DUH WKH
IROORZLQJ OLQHDU IXQFWLRQV�
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%\ LQVSHFWLRQ� WKHVH IXQFWLRQV DUH SRVLWLYH RQ WKH XQLW LQWHUYDO�

'HnQH
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A{
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IRU � � { � A{� DQG
PU�{�  

�b {

�b A{ AP�
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IRU A{ � { � �� 7KH JUDSKV RI WKHVH IXQFWLRQV DUH WKH UD\V MRLQLQJ �A{� AP� ZLWK ���P���� DQG ���P�����
UHVSHFWLYHO\�

/HPPD *�� /HW AT OLH LQ WKH LQWHULRU RI 4P� 7KHQ WKH IXQFWLRQV PC � >�� A{@� ,5 DQG PU � >A{� �@� ,5
DUH VWULFW VXSHUVROXWLRQV RI �*����

3URRI� 7KH IXQFWLRQV PC DQG PU DUH OLQHDU� VR P��
C  � DQG P��

U  �� DQG WKHLU JUDSKV OLH HQWLUHO\
LQ WKH VXE�UHJLRQV RI $ DVVRFLDWHG ZLWK LQWHULRU VROXWLRQV� $ VOLJKWO\ PRUH FRPSOLFDWHG YDULDQW RI WKH
DOJHEUD LQ WKH nUVW SDUW RI WKH SUHYLRXV SURRI VKRZV WKDW WKH ULJKW�KDQG VLGH RI �*��� LV SRVLWLYH IRU
WKHVH IXQFWLRQV�

/HPPD *�� ,I AT GRHV QRW OLH LQ WKH LQWHULRU RI 4P� WKHQ WKH ULJKW�KDQG VLGH RI WKH 2'( �*��� LV
UHJXODU ZLWK UHVSHFW WR P DQG P RQ HDFK FORVHG LQWHUYDO FRQWDLQHG LQ @�� �>� 2WKHUZLVH� WKH ULJKW�KDQG
VLGH RI WKH 2'( LV UHJXODU ZLWK UHVSHFW WR P DQG PC RQ HDFK FORVHG LQWHUYDO FRQWDLQHG LQ @�� A{>� DQG
UHJXODU ZLWK UHVSHFW WR P DQG PU RQ HDFK FORVHG LQWHUYDO FRQWDLQHG LQ @A{� �>�

3URRI� 7KLV IROORZV GLUHFWO\ IURP WKH IDFW WKDW LQ WKH UHJLRQV DVVRFLDWHG ZLWK LQWHULRU VROXWLRQV� WKH
2'( �*��� LV HTXLYDOHQW WR WKH HTXDWLRQ ~�{�Y���{� �  ) >{� Y�{�� Y��{�@ ZKHUH
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,Q SDUWLFXODU� Y� HQWHUV OLQHDUO\�

3URSRVLWLRQ *�� 6XSSRVH WKDW AT GRHV QRW OLH LQ WKH LQWHULRU RI 4P� 7KHQ WKHUH LV D FRQWLQXRXV
IXQFWLRQ Y � >�� �@ � ,5 ZKLFK VROYHV �*��� RQ @�� �> ZLWK Y���  P���� Y���  P���� DQG P � Y � P
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3URRI� 7KLV IROORZV IURP /HPPDV *��� *�� DQG *�� DQG &RUROODU\ *�� DSSOLHG ZLWK {C  �� {U  �
DQG )C  )U  ) DV JLYHQ LQ WKH SURRI RI /HPPD *���

3URSRVLWLRQ *�� 6XSSRVH WKDW AT OLHV LQ WKH LQWHULRU RI 4P� DQG n[ a{ � @�� �>bIA{J� 7KHQ WKHUH DUH
SRVLWLYH FRQVWDQWV F� DQG F� VXFK WKDW IRU DOO U w �� e w � DQG } ! � VDWLVI\LQJ U � F�e w F� }

��
WKHUH H[LVWV D FRQWLQXRXV IXQFWLRQ Y � >�� �@ � ,5 ZKLFK VROYHV �*��� RQ @�� �> bIA{J ZLWK WKH IROORZLQJ
SURSHUWLHV� P � Y � PC RQ @�� A{>� P � Y � PU RQ @A{� �>� Y b AP � � �Pb AP� LQ D QHLJKERXUKRRG RI A{�
,Q SDUWLFXODU� Y LV GLmHUHQWLDEOH ZLWK Y�A{�  AP DQG Y��A{�  ��

3URRI� &RQVLGHU WKH IXQFWLRQ wP GHnQHG E\ wP�{�  �P�{� b AP� /HW w{C EH WKH EHOLHI ZKHUH WKH
JUDSK RI wP LQWHUVHFWV WKH JUDSK RI PC� DQG w{U WKH EHOLHI ZKHUH WKH JUDSK RI wP LQWHUVHFWV WKH JUDSK RI
PU� 'HnQH
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1RZ OHW U � F�e w F� }
�� LPSO\LQJ WKDW wP LV D VXSHUVROXWLRQ RI �*����

&OHDUO\� WKH ULJKW�KDQG VLGH RI �*��� LV UHJXODU ZLWK UHVSHFW WR P DQG wP RQ HDFK FORVHG VXELQWHUYDO
RI >w{C� w{U@bIA{J� 6LQFH wP��w{C� � P�

C�w{C� DQG wP
��w{U� ! P�

U�w{U�� /HPPD *�� DQG &RUROODU\ *��� DSSOLHG
VHSDUDWHO\ WR WKH OHIW DQG ULJKW RI A{� \LHOG D FRQWLQXRXV IXQFWLRQ Y �@�� �>� ,5 ZKLFK VROYHV �*��� RQ
@�� �> bIA{J ZLWK P � Y � PC RQ @�� A{@� P � Y � PU RQ >A{� �>� DQG P � Y � wP RQ >w{C� w{U@� 7KLV
IXQFWLRQ H[WHQGV FRQWLQXRXVO\ WR WKH ERXQGDULHV RI >�� �@� DQG WKH VDPH DUJXPHQW DV LQ WKH SURRI RI
3URSRVLWLRQ *�� VKRZV WKDW WKH nUVW DQG VHFRQG RI WKHVH LQHTXDOLWLHV DUH VWULFW RQ @�� �> bIA{J�
3URSRVLWLRQ *�� 6XSSRVH WKDW AT OLHV LQ WKH LQWHULRU RI 4P DQG LV HTXDO WR TF� 7KHQ WKHUH DUH SRVLWLYH
FRQVWDQWV F�� F� DQG F� VXFK WKDW IRU DOO U w �� e w � DQG } ! � VDWLVI\LQJ F�U � F�e � F� }

�� WKHUH
H[LVWV D FRQWLQXRXV IXQFWLRQ Y � >�� �@ � ,5 ZLWK WKH IROORZLQJ SURSHUWLHV� Y LV RQFH FRQWLQXRXVO\
GLmHUHQWLDEOH DQG VDWLVnHV P � Y � P RQ @�� �>� Y���  P��� DQG Y���  P���� DQG Y VROYHV �*��� RQ
@�� �> bIA{J�
3URRI� &KRRVH D VWULFWO\ FRQYH[ IXQFWLRQ P � >�� �@ � ,5 ZLWK WKH IROORZLQJ SURSHUWLHV� P���  
P��� DQG P���  P���� P  P RQ VRPH LQWHUYDOV >�� {C@ DQG >{U� �@ ZLWK � � {C � A{ � {U � ��
P ! P RQ @{C� {U>� P KDV D FRQWLQXRXV nUVW GHULYDWLYH RQ >�� �@ DQG D FRQWLQXRXV VHFRQG GHULYDWLYH RQ
>�� �@b I{C� {UJ��� 'HnQH *�{�  *�{�P�{��� 1H[W� VHW
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7KH FRQVWDQWV F� DQG F� DUH FOHDUO\ SRVLWLYH� $V WR F�� WKHUH LV DW OHDVW RQH EHOLHI {
\ LQ @{C� {U> VXFK

WKDW �{\ b a{�*��{\� w �� KHQFH F� w I�{\�*�{\� ! �� �7KH SRVLWLYLW\ RI WKH IXQFWLRQ I IROORZV IURP
DQ HTXDWLRQ JLYHQ LQ WKH SUHYLRXV SURRI E\ VHWWLQJ cn  ��� 0RUHRYHU� F� LV nQLWH VLQFH * KDV nQLWH
RQH�VLGHG GHULYDWLYHV DW A{�

1RZ OHW U w �� e w � DQG } ! � EH VXFK WKDW F�U � F�e � F� }
�� %\ FRQVWUXFWLRQ� WKLV LPSOLHV

WKDW P LV D VXEVROXWLRQ RI �*��� ERWK WR WKH OHIW DQG WR WKH ULJKW RI WKH FHQWUDO UD\ 5F� $V AT  TF�
WKLV UD\ LV YHUWLFDO DW {  A{� $UJXLQJ DV LQ WKH SURRI RI /HPPD *��� ZH VHH WKDW WKH ULJKW�KDQG VLGH
RI WKH 2'( LV UHJXODU ZLWK UHVSHFW WR P DQG P RQ HDFK FORVHG LQWHUYDO FRQWDLQHG LQ @�� A{@ RU >A{� �>�
ZKHUH LW LV XQGHUVWRRG WKDW WKH DSSURSULDWH RQH�VLGHG OLPLW LV XVHG WR FDOFXODWH WKH ULJKW�KDQG VLGH RI
WKH 2'( DW A{� 7KH UHVXOW WKXV IROORZV IURP /HPPD *�� DQG &RUROODU\ *���

��)RU H[DPSOH� GHnQH ��{�  �{ b {C�
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� RQ @{C� {U> DQG ��{�  � HYHU\ZKHUH HOVH� WKHQ
P�{�  >� � p ��{�@P�{� ZLOO KDYH WKH GHVLUHG SURSHUWLHV IRU p ! � VXpFLHQWO\ VPDOO�
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+ 1XPHULFDO 6LPXODWLRQV

7KH DGMXVWHG YDOXH IXQFWLRQ FDQ EH FDOFXODWHG DSSUR[LPDWHO\ DV D QXPHULFDO VROXWLRQ WR D WZR�SRLQW
ERXQGDU\ YDOXH SUREOHP� QDPHO\ WKH 2'( ���� VXEMHFW WR WKH ERXQGDU\ FRQGLWLRQV Ye���  P��� DQG
Ye���  P���� :H XVHG WKH PHWKRG RI UHOD[DWLRQ�� WR GR WKLV� %HOLHIV ZHUH GLVFUHWLVHG ZLWK D VWHS
VL]H RI ��b�� GHFUHDVLQJ WR ��b� DURXQG WKH FRQIRXQGLQJ EHOLHI� 7KH LWHUDWLYH SURFHGXUH ZDV GHHPHG
WR KDYH FRQYHUJHG ZKHQ WKH PD[LPXP SRLQWZLVH GLmHUHQFH EHWZHHQ VXFFHVVLYH DSSUR[LPDWLRQV WR WKH
YDOXH IXQFWLRQ DQG LWV nUVW GHULYDWLYH ZHUH OHVV WKDQ �������� &RQYHUJHQFH ZDV TXLWH UDSLG� YDU\LQJ
IURP � LWHUDWLRQV IRU D KLJK GLVFRXQW UDWH ZLWKRXW VZLWFKLQJ� WR �� LWHUDWLRQV IRU D ORZ GLVFRXQW UDWH
ZLWK DQ LQWHUPHGLDWH VZLWFKLQJ LQWHQVLW\ FORVH WR WKH FULWLFDO OHYHO� 7KH SURFHGXUH ZDV LPSOHPHQWHG
RQ D 9$; PLQLFRPSXWHU XQGHU 906 Y���� (DFK LWHUDWLRQ WRRN DSSUR[LPDWHO\ �� VHFRQGV RI &38
WLPH� VR WKH QXPHULFDO VROXWLRQV HDFK WRRN EHWZHHQ RQO\ ��� DQG � PLQXWHV WR FDOFXODWH�

*LYHQ D QXPHULFDO DSSUR[LPDWLRQ WR WKH DGMXVWHG YDOXH IXQFWLRQ� WKH RSWLPDO SROLF\ FRUUHVSRQ�
GHQFH LPPHGLDWHO\ \LHOGV DQ DSSUR[LPDWHO\ RSWLPDO SROLF\ IXQFWLRQ� 7R JHQHUDWH VDPSOH SDWKV RI
SRVWHULRU EHOLHIV DQG RSWLPDO TXDQWLWLHV� ZH nUVW FKRVH DQ LQLWLDO VWDWH DQG DQ LQLWLDO EHOLHI� 2QH LWHUD�
WLRQ WKHQ FRQVLVWHG RI WKH IROORZLQJ VWHSV� �D� FDOFXODWH WKH RSWLPDO TXDQWLW\ JLYHQ WKH FXUUHQW EHOLHI
�XVLQJ WKH DERYH QXPHULFDO UHVXOWV�� �E� LQWURGXFH D VKRFN� �F� XSGDWH WKH EHOLHI XVLQJ HTXDWLRQ ��� LQ
LWV GLVFUHWH IRUP� QDPHO\

p{W  w�{W� pW � }b�{W��b {W��NW b {W��cmbcn TW�
� pW

� }b�{W��b {W��cmbcn TW� p=W�

�G� XSGDWH WKH VWDWH LI UHTXLUHG �GHSHQGLQJ RQ WKH WUDQVLWLRQ SUREDELOLWLHV w� DQG w��� 7KHVH IRXU VWHSV
DUH WKHQ UHSHDWHG WR JHQHUDWH D VXFFHVVLRQ RI EHOLHIV DQG TXDQWLWLHV� 6WDWH VZLWFKLQJ ZDV LPSOHPHQWHG
E\ UHSHDWHGO\ GUDZLQJ D QXPEHU IURP WKH XQLIRUP GLVWULEXWLRQ RQ WKH XQLW LQWHUYDO �DOO WKH H[DPSOHV
UHSRUWHG LQ WKH SDSHU KDYH a{  ���� WKDW LV w�  w�  e ��� ,I WKH QXPEHU GUDZQ LV OHVV WKDQ
� b H[S�be ��� WKHQ WKH VWDWH UHPDLQV XQFKDQJHG� HOVH LW VZLWFKHV� 2YHU D WLPH LQWHUYDO RI ���� ZH
H[SHFW WR VHH �� VZLWFKHV IRU e  ���� )RU RWKHU YDOXHV RI e� WKH WLPH LQWHUYDO LV CVWUHWFKHG
 DFFRUGLQJO\�
VR IRU e  ����� IRU H[DPSOH� ZH H[SHFW WKHVH �� VZLWFKHV WR RFFXU E\ WKH WLPH W  ����

7KH VKRFNV ZHUH JHQHUDWHG E\ UHSHDWHG GUDZV IURP WKH VWDQGDUG QRUPDO GLVWULEXWLRQ� )RU JLYHQ
WLPH LQFUHPHQW pW� WKH VKRFN p= ZDV WDNHQ WR EH

S
pW WLPHV WKH GUDZ IURP WKH VWDQGDUG QRUPDO

GLVWULEXWLRQ�
,Q RUGHU WR PDLQWDLQ D UHDVRQDEOH DSSUR[LPDWLRQ WR WKH FRQWLQXRXV FDVH WKDW ZH DUH PRGHOOLQJ�

ZH PXVW HQVXUH WKDW HDFK p{ LV QRW VR ODUJH WKDW WKH DJHQW
V EHOLHI FDQ MXPS WR �RU SDVW� �� �� RU
A{� 7R DFKLHYH WKLV� WKH WLPH YDULDEOH ZDV LQFUHPHQWHG E\ ���� LQ HDFK GLVFUHWH SHULRG� L�H� pW  �����
�7KLV PHDQV WKDW LQ WKH JUDSKV LOOXVWUDWLQJ WKH FDVHV ZLWKRXW VWDWH VZLWFKLQJ WKHUH DUH VHYHUDO KXQGUHG
LWHUDWLRQV� DQG LQ WKRVH ZLWK VWDWH VZLWFKLQJ WKHUH DUH D IHZ WKRXVDQG��

5HIHUHQFHV

$JKLRQ� 3�� 3� %ROWRQ� &� +DUULV� DQG %� -XOOLHQ ������� ?2SWLPDO /HDUQLQJ E\
([SHULPHQWDWLRQ�� 5HYLHZ RI (FRQRPLF 6WXGLHV� ��� ��������

%DOYHUV� 5�-�� DQG 7�)� &RVLPDQR ������� ?$FWLYHO\ /HDUQLQJ DERXW 'HPDQG DQG WKH
'\QDPLFV RI 3ULFH $GMXVWPHQWV�� (FRQRPLF -RXUQDO� ���� ��������

%DOYHUV� 5�-�� DQG 7�)� &RVLPDQR ������� ?3HULRGLF /HDUQLQJ DERXW D +LGGHQ 6WDWH
9DULDEOH�� -RXUQDO RI (FRQRPLF '\QDPLFV DQG &RQWURO� ��� ��������

%DOYHUV� 5�-�� DQG 7�)� &RVLPDQR ������� ?,QoDWLRQ 9DULDELOLW\ DQG *UDGXDOLVW 0RQHWDU\
3ROLF\�� 5HYLHZ RI (FRQRPLF 6WXGLHV� ��� ��������

%HUJHPDQQ� '�� DQG -� 9�DOLP�DNL ������� ?0DUNHW 'LmXVLRQ ZLWK 7ZR�6LGHG /HDUQLQJ��
ZRUNLQJ SDSHU� <DOH 8QLYHUVLW\ DQG 1RUWKZHVWHUQ 8QLYHUVLW\�

��6HH 3UHVV HW DO� ������� &KDSWHU ���

��



%HUQIHOG� 6�5�� DQG9� /DNVKPLNDQWKDP ������� $Q ,QWURGXFWLRQ WR 1RQOLQHDU %RXQGDU\
9DOXH 3UREOHPV� 1HZ <RUN DQG /RQGRQ� $FDGHPLF 3UHVV�

%ROWRQ� 3�� DQG &� +DUULV ������� ?6WUDWHJLF ([SHULPHQWDWLRQ�� 67,&(5' 'LVFXVVLRQ
3DSHU 1R� 7(�������� /RQGRQ 6FKRRO RI (FRQRPLFV�

'XWWD� 3�.� ������� ?:KDW 'R 'LVFRXQWHG 2SWLPD &RQYHUJH WR" $ 7KHRU\ RI 'LVFRXQW
5DWH $V\PSWRWLFV LQ (FRQRPLF 0RGHOV�� -RXUQDO RI (FRQRPLF 7KHRU\� ��� ������

(DVOH\� '�� DQG 1�0� .LHIHU ������� ?&RQWUROOLQJ D 6WRFKDVWLF 3URFHVV ZLWK 8QNQRZQ
3DUDPHWHUV�� (FRQRPHWULFD� ��� ����������

)HOOL� /�� DQG &� +DUULV ������� ?/HDUQLQJ� :DJH '\QDPLFV DQG )LUP�6SHFLnF +XPDQ
&DSLWDO�� -RXUQDO RI 3ROLWLFDO (FRQRP\� ���� ��������

)OHPLQJ� :�+�� DQG 5�:� 5LVKHO ������� 'HWHUPLQLVWLF DQG 6WRFKDVWLF &RQWURO� 1HZ
<RUN� 6SULQJHU�9HUODJ�

+DUULV� &� ������� ?'\QDPLF &RPSHWLWLRQ IRU 0DUNHW 6KDUH� $Q 8QGLVFRXQWHG 0RGHO��
ZRUNLQJ SDSHU� 1XpHOG &ROOHJH� 2[IRUG�

.DUOLQ� 6�� DQG +�0� 7D\ORU ������� $ 6HFRQG &RXUVH LQ 6WRFKDVWLF 3URFHVVHV� 1HZ <RUN�
$FDGHPLF 3UHVV�

.LHIHU� 1�0� �����D�� ?$ 9DOXH )XQFWLRQ $ULVLQJ LQ WKH (FRQRPLFV RI ,QIRUPDWLRQ�� -RXUQDO
RI (FRQRPLF '\QDPLFV DQG &RQWURO� ��� ��������

.LHIHU� 1�0� �����E�� ?$ '\QDPLF 0RGHO RI 2SWLPDO /HDUQLQJ ZLWK 2EVROHVFHQFH RI ,Q�
IRUPDWLRQ�� &$( ZRUNLQJ SDSHU ������ &RUQHOO 8QLYHUVLW\� UHYLVHG �����

.U\ORY� 1�9� ������� &RQWUROOHG 'LmXVLRQ 3URFHVVHV� 1HZ <RUN� 6SULQJHU�9HUODJ�
/LSWVHU� 5�6�� DQG $�1� 6KLU\D\HY ������� 6WDWLVWLFV RI 5DQGRP 3URFHVVHV ,� 1HZ <RUN�

6SULQJHU�9HUODJ�
0F/HQQDQ� $� ������� ?3ULFH 'LVSHUVLRQ DQG ,QFRPSOHWH /HDUQLQJ LQ WKH /RQJ 5XQ��

-RXUQDO RI (FRQRPLF '\QDPLFV DQG &RQWURO� �� ��������
0LUPDQ� /�-�� /� 6DPXHOVRQ� DQG $� 8UEDQR ������� ?0RQRSRO\ ([SHULPHQWDWLRQ��

,QWHUQDWLRQDO (FRQRPLF 5HYLHZ� ��� ��������
3UHVV� :�+�� %�3� )ODQQHU\� 6�$� 7HXNROVN\� DQG :�7� 9HWWHUOLQJ ������� 1X�

PHULFDO 5HFLSHV� WKH $UW RI 6FLHQWLnF &RPSXWLQJ� &DPEULGJH DQG 1HZ <RUN� &83�
5HYX]� '�� DQG0� <RU ������� &RQWLQXRXV 0DUWLQJDOHV DQG %URZQLDQ 0RWLRQ� 1HZ <RUN�

6SULQJHU�9HUODJ�
5RJHUV� /�&�*�� DQG '� :LOOLDPV ������� 'LmXVLRQV� 0DUNRY 3URFHVVHV DQG 0DUWLQJDOHV�

9RO��� ,WAR &DOFXOXV� &KLFKHVWHU� :LOH\�
5RWKVFKLOG� 0� ������� ?$ 7ZR�$UPHG %DQGLW 7KHRU\ RI 0DUNHW 3ULFLQJ�� -RXUQDO RI

(FRQRPLF 7KHRU\� �� ��������
5XVWLFKLQL� $�� DQG $� :ROLQVN\ ������� ?/HDUQLQJ DERXW 9DULDEOH 'HPDQG LQ WKH /RQJ

5XQ�� -RXUQDO RI (FRQRPLF '\QDPLFV DQG &RQWURO� ��� ����������

��










